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The s c i e n t i f i c  e x p l o r a t i o n  o f  comets by means o f  space-  
c r a f t  i n t e r c e p t  miss ion  p r e s e n t s  problems i n  s e v e r a l  impor tan t  
t e c h n i c a l  a r e a s .  One of t h e  key problems i n  p l ann ing  such a 
mis s ion  i s  t h e  magnitude of  t he  u n c e r t a i n t y  o r  e r r o r  i n  o u r  
p r e s e n t  knowledge of t h e  o r b i t a l  motion of  many p e r i o d i c  comets 
of i n t e r e s t .  
a c c u r a t e l y  a s p a c e c r a f t  may be guided t o  i n t e r c e p t  a comet. 
I n  o r d e r  t o  o b t a i n  t h e  b e s t  viewing c o n d i t i o n s  of a comet ' s  
nuc leus ,  t h e  " m i s s  d i s t a n c e "  between t h e  s p a c e c r a f t  and comet 
shou ld  be about  1000 km, and no g r e a t e r  t han  10,000 km. This  
requi rement  i s  s e v e r a l  o r d e r s  of  magnitude s m a l l e r  t han  t h e  
e r r o r s  a s s o c i a t e d  w i t h  comet p o s i t i o n  ephemerides ( p r e d i c t i o n  
based on p a s t  o b s e r v a t i o n s ) .  
T h i s  u n c e r t a i n t y  i s  a major de te rminant  of how 
Th i s  r e p o r t  d i s c u s s e s  t h e  fac tors  which c o n t r i b u t e  t o  
t h e  inaccuracy  o f  comet o r b i t  de t e rmina t ion  and p r e d i c t i o n ,  p r e  
s e n t i n g  i l l u s t r a t i v e  numerical  r e s u l t s  f o r  t h e  two s h o r t  p e r i o d  
comets,  Encke and D ' A r r e s t .  The main c o n t r i b u t i n g  f a c t o r s  a r e  
(1) t h e  r e s t r i c t e d  a r c  o f  t h e  t o t a l  o r b i t  over  which a comet 
can be observed from E a r t h ,  ( 2 )  t h e  r e l a t i v e  inaccuracy  i n  
measuring r i g h t  a scens ion  and d e c l i n a t i o n ,  p o s s i b l y  i n c l u d i n g  
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l a r g e  s y s t e m a t i c  e r r o r s ,  (3)  the s e n s i t i v i t y  due t o  p l a n e t a r y  
p e r t u r b a t i o n s ,  (4)  t h e  p o s s i b i l i t y  o f  i l l - d e f i n e d  n o n - g r a v i t a t i o n  
f o r c e s  o r  s e c u l a r  a c c e l e r a t i o n s  a c t i n g  on t h e  comet, and ( 5 )  
computa t iona l  e r r o r s  of numerical  i n t e g r a t i o n .  Gene ra l ly ,  i t  
i s  shown t h a t  m i s s  d i s t a n c e s  under 10,000 km cannot  be achieved 
u n l e s s  t h e  comets a re  observed du r ing  t h e  yea r  i n  which t h e  
s p a c e c r a f t  i s  launched,  
The numerical  a n a l y s i s  i s  f a c i l i t a t e d  by t h e  COMET 
ORBIT DETERMINATION PROGRAM which has  been developed f o r  use  
on t h e  I B M  7094 computer. 
i n t e g r a t e  t h e  o r b i t  of a comet under t h e  combined g r a v i t a t i o n a l  
i n f l u e n c e  of t h e  Sun and p l a n e t s  and o t h e r  n o n - g r a v i t a t i o n a l  
forces,  and t o  p rocess  e i t h e r  a c t u a l  o r  s imula t ed  comet obser -  
v a t i o n s  i n  o r d e r  t o  determine t h e  most probable  e s t i m a t e  o f  t h e  
comet 's  p a s t  o r  f u t u r e  motion. 
t h e  o r b i t  de t e rmina t ion  u n c e r t a i n t y  and t h e  r e s u l t a n t  m i s s  d i s -  
t a n c e  f o r  f u t u r e  miss ions  o f  i n t e r e s t .  
The computer program i s  designed t o  
Also computed i s  a measure of 
I n  t h e  c a s e  o f  comets Encke and D ' A r r e s t ,  t h e  miss ion  
examples chosen a r e  i n  1974 and 1976, r e s p e c t i v e l y .  P a s t  obser -  
v a t i o n s  o f  Comet Encke are  obta ined  and processed  f o r  seven 
appearances  over  t h e  p e r i o d  1931-1961, and f o r  Comet D ' A r r e s t ,  
f o u r  appearances over  t h e  per iod  1910-1950. 
o f  t h e  d a t a  f i t t i n g  process  fo r  each of  t h e s e  comets a r e  ob- 
t a i n e d  f o r  t h e  l a s t  s e v e r a l  appearances i n  t h e  above ser ies .  
The b e s t  r e s u l t s  
The b e s t  e s t i m a t e  o f  Encke's o r b i t  and i t s  s t a t i s t i c a l  
u n c e r t a i n t y  ob ta ined  f o r  t h e  da ta  f i t  o f  t h e  1947, 1957, and 
I l T  RESEARCH I N S T I T U T E  
iv 
I 
8 
8 
1 
1 
8 
8 
8 
I 
8 
8 
8 
8 
8 
I 
8 
8 
8 
1 
1961 a p p a r i t i o n s  i s  e x t r a p o l a t e d  t o  t h e  1974 a p p a r i t i o n  and 
mis s ion  o f  i n t e r e s t .  Summary Table  I l i s t s  t h e  e s t i m a t e d  
v a l u e s  o f  m i s s  d i s t a n c e  due t o  t h e  ephemeris e r r o r  of Encke. 
With a p r i o r i  i n fo rma t ion  from t h e  p rev ious  a p p a r i t i o n s ,  t h e  
m i s s  d i s t a n c e  i s  as  l a r g e  as  70,000 km i f  no new obse rva t ions  
a r e  made i n  t h e  yea r  of launch. An o b s e r v a t i o n  schedule  begin- 
n ing  a t  recovery  of  t h e  comet and ending  one week bwfore launch 
w i l l  r educe  t h e  m i s s  t o  7,000 k m .  
t h e  launch d a t a  a c t  t o  reduce t h e  miss, s lowly  a t  f i r s t ,  and 
then  r a p i d l y  a s  t h e  obse rva t ion  geometry improves w i t h  the de- 
c r e a s i n g  d i s t a n c e  between Ea r th  and Encke. To ach ieve  a d e s i r -  
a b l e  m i s s  d i s t a n c e  o f  under 1,000 km, t h e  o b s e r v a t i o n  schedule  
must ex tend  t o  t h e  l a t e r  p o r t i o n  of t h e  f l i g h t - - w i t h i n  20 days 
o f  encoun te r ,  This  i m p l i e s  a l a t e  midcourse c o r r e c t i o n ,  bu t  
on ly  about  4 m/sec. 
F u r t h e r  obse rva t ions  beyond 
For comparison purposes ,  Summary Table  I a l s o  i n c l u d e s  
t h e  e s t i m a t e d  m i s s  d i s t a n c e  when no a p r i o r i  i n fo rma t ion  i s  
assumed. T h i s  would correspond t o  a worse-case s i t u a t i o n  where- 
i n  no conf idence  i s  g iven  t o  a p rev ious  o r b i t  de t e rmina t ion .  
Although i t  i s  u n l i k e l y  t h a t  a miss ion  would ever be planned 
under  such adverse  c o n d i t i o n s  ( r ecove ry  o f  t h e  comet cou ld  n o t  
be a s s u r e d ) ,  t h e  r e s u l t s  a r e  u s e f u l  i n  p l a c i n g  an upper bound 
on t h e  o r b i t  de t e rmina t ion  problem. 
Summary Table  I1 p r e s e n t s  s i m i l a r  r e s u l t s  f o r  a 1976 
mis s ion  t o  Comet D ' A r r e s t .  The i n i t i a l  m i s s  d i s t a n c e  e s t i m a t e  
of 108,000 km i s  based on t h e  o b s e r v a t i o n a l  d a t a  f i t  of t h e  
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1943 and 1950 appearances.  However, t h i s  r e s u l t  may be t o o  
o p t i m i s t i c  s i n c e  t h e  1943-50 o r b i t  could no t  be a c c u r a t e l y  
l i n k e d  w i t h  t h e  obse rva t ions  taken i n  e a r l i e r  appearances.  
any e v e n t ,  t h e  a n a l y s i s  shows t h a t  obse rva t ion  of  D ' A r r e s t  
t aken  i n  t h e  year  of  launch would be ve ry  e f f e c t i v e  i n  reducing  
t h e  m i s s  d i s t a n c e  u n c e r t a i n t y .  Even i n  t h e  wors t  c a s e  of  no 
a p r i o r i  in format ion  (assuming t h a t  t h e  comet can be r ecove red ) ,  
a 1000 km m i s s  d i s t a n c e  i s  s t i l l  a t t a i n a b l e  bu t  r e q u i r e s  a AV 
c o r r e c t i o n  o f  about  40 m/sec made 14 days be fo re  encounter .  
I n  
Th i s  r e p o r t  recommends t h a t  f u r t h e r  a t t e n t i o n  should be 
g iven  t o  t h e  o r b i t  de te rmina t ion  o f  each of t h e s e  comets, espe-  
c i a l l y  Comet D ' A r r e s t .  
w i t h  l a t e r  o b s e r v a t i o n a l  d a t a  which were not  a v a i l a b l e  a t  t h e  
t i m e  t h i s  a n a l y s i s  was performed. I n  a d d i t i o n ,  an e f f o r t  should 
be made t o  improve t h e  ephemerides of  o t h e r  comets which a r e  o f  
i n t e r e s t  f o r  f u t u r e  exp lo ra to ry  space miss ions .  This  a p p l i e s  
p a r t i c u l a r l y  t o  comets which do  n o t  have e x c e l l e n t  o b s e r v a t i o n a l  
geometr ies  i n  t h e  yea r  of  launch a s  do comets Encke and D ' A r r e s t .  
Such an e f f o r t  w i l l  r e s u l t  i n  t h e  i n c r e a s e d  p r o b a b i l i t y  o f  re- 
cove r ing  t h e  comet dur ing  t h e  yea r  o f  s p a c e c r a f t  launch and tend  
t o  reduce t h e  A v  requirement  o f  l a t e  t r a j e c t o r y  c o r r e c t i o n s .  
The p resen t  a n a l y s i s  can be updated 
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Summary Table I 
ESTIMATED MISS DISTANCE FOR 1974 
MISSION TO COMET ENCKE 
' 
Encounter,  TL + l l O d  
Recovery, TL - 160d 
* 
Observat ion Error ,  2 Sec Arc 
Launch Date TL, 1974 Feb. 7 
Observat ions a t  8 Day I n t e r v a l s  Beginning a t  Recovery 
A P r i o r i  Data,  Orb i t  Determinat ion from Observat ions 
i n  1947, 1957, 1961  Appearances 
Number of  Observa t ions  Miss Dis tance  ( l a )  
A P r i o r i  Data No A P r i o r i  
None i n  Year of Launch 70,000 km co 
7 , 0 0 0  17  , 000 
6 , 500 14 , 000 
3 , 200 10 , 000 
1,000 4 , 0 0 0  
500 2,000 
d 19 ,  Ending TL - 8 
2 1 ,  Ending TL + gd 
d 28, Ending TL + 64 
d 31,  Ending TL + 90  
3 2 ,  Ending TL + 98 d 
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Summary Table I1 
ESTIMATED MISS DISTANCE FOR 1976 
MISSION TO COMET D'ARREST 
Encounter,  TL + 1 3 0  
Recovery, TL - lood 
Observat ion E r r o r ,  2 Sec A r c  
Launch Date TL, 1976 A p r i l  2 1  
d 
Observat ions a t  8 Day I n t e r v a l s  Beginning a t  Recovery 
A P r i o r i  Data,  Orbi t  Determinat ion from Observa t ions  
i n  1 9 4 3 ,  1950 Appearances 
Number of Observa t ions  Miss Dis tance  ( l a )  
A P r i o r i  Data No A P r i o r i  
None i n  Year of  Launch 108,000 km co 
4 , 5 0 0  1 2 5 , 0 0 0  11, Ending TL - 1 2  
14,  Ending TL + 12d 3 , 3 0 0  4 6 , 0 0 0  
1 , 9 0 0  1 4 , 0 0 0  d 18, Ending TL + 44 
1,000 4 , 3 0 0  d 2 2 ,  Ending TL + 76 
2 7 ,  Ending TL + 116 
d 
4 8 0  1 ,000  d 
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1. INTRODUCTION 
This  r e p o r t  i s  one i n  a s e r i e s  o f  r e p o r t s  by t h e  
A s t r o  Sc iences  Center  of I I T  Research I n s t i t u t e  on a s t u d y  o f  
p e r i o d i c  cornets and t h e i r  s c i e n t i f i c  e x p l o r a t i o n  by means o f  
s p a c e c r a f t  i n t e r c e p t  missions ( c f .  Appendix B) . E a r l i e r  
r e p o r t s  i n  t h i s  s e r i e s  have p r e s e n t e d  t h e  s c i e n t i f i c  o b j e c t i v e s  
of  miss ions  t o  t h e  comets,  a compendium o f  e x i s t i n g  cometary 
d a t a ,  t r a j e c t o r y  and s i g h t i n g  a n a l y s i s ,  and a survey  o f  
s u i t a b l e  comet miss ions  inc lud ing  expe r imen ta l  payload 
s e l e c t i o n  and q u e s t i o n s  of mission c o n s t r a i n t s .  The o v e r a l l  
o b j e c t i v e s  of t h e  cometary s t u d i e s  have been t o  show t h e  b e s t  
way i n  which s p a c e c r a f t  i n t e r c e p t  miss ions  can complement 
and s i g n i f i c a n t l y  add t o  the  p r e s e n t  unders tanding  o f  comets, 
t o  o u t l i n e  t h e  miss ion  p r o f i l e s  f o r  t h o s e  i n t e r c e p t  miss ions  
which a r e  cons ide red  worth wh i l e ,  and t o  i n v e s t i g a t e  and 
recommend s o l u t i o n s  t o  key problem a r e a s  which have bea r ing  
on mission success .  
The p r e s e n t  r e p o r t  i s  addres sed  t o  one such problem 
a r e a ,  namely, t h e  u n c e r t a i n t y  i n  knowledge of a comet ' s  
o r b i t a l  p o s i t i o n  ephemeris.  This  u n c e r t a i n t y ,  o f t e n  q u i t e  
l a r g e ,  has a major i n f l u e n c e  on how a c c u r a t e  a s p a c e c r a f t  can  
be guided  on i t s  i n t e r c e p t  t r a j e c t o r y .  I n  o r d e r  t o  achieve  
good viewing o f  t h e  comet nuc leus ,  a smal l  m i s s  d i s t a n c e  on 
t h e  o r d e r  of 1000 km and c e r t a i n l y  no g rea t e r  than  10,000 k m ,  
would be d e s i r a b l e .  
l l T  R E S E A R C H  I N S T I T U T E  
1 
It has always been d i f f i c u l t  t o  p r e d i c t  a c c u r a t e l y  
The t h e  t i m e  and p l a c e  o f  t h e  r e t u r n  of a p e r i o d i c  comet. 
d i f f e r e n c e s  between observa t ion  and theo ry  a r e  sometimes a s  
l a r g e  a s  s e v e r a l  days i n  the  t i m e  of p e r i h e l i o n  passage.  
many comets t h i s  would t r a n s l a t e  i n t o  an ephemeris e r r o r  of  
s e v e r a l  m i l l i o n  k i lome te r s .  I n  c o n t r a s t  t o  t h i s  s i t u a t i o n ,  
t h e  ephemeris e r r o r s  of  t h e  major p l a n e t s  a r e  never  more than  
For 
s e v e r a l  hundred k i lome te r s .  
The problem of  accu ra t e  de t e rmina t ion  o f  cometary 
motion i s  made e s p e c i a l l y  d i f f i c u l t  by t h e  f a c t  t h a t  most 
comets a r e  observed only  i n  t h e  v i c i n i t y  of p e r i h e l i o n  and, 
a t  t h a t ,  over a ve ry  s h o r t  a r c  of  i t s  t o t a l  o r b i t ,  A consequence 
of t h i s  obse rva t ion  r e s t r i c t i o n  is t h a t  t h e  o r b i t a l  e lements  
cannot  u s u a l l y  be determined a c c u r a t e l y  dur ing  one a p p a r i t i o n  
o r  appearance o f  t h e  comet. The e l emen t  which s u f f e r s  t h e  
g r e a t e s t  amount of  indeterminacy i s  t h e  semi-major a x i s  o r ,  
e q u i v a l e n t l y ,  t h e  mean angular  motion. A s  a r e s u l t ,  t h e  
p r e d i c t i o n  o f  f u t u r e  p o s i t i o n - i n - o r b i t  i s  r a t h e r  poor. This 
problem can be a l l e v i a t e d  by l i n k i n g  obse rva t ions  o b t a i n e d  
over  s e v e r a l  appearances.  
A d d i t i o n a l  causes  f o r  t h e  d iscrepancy  between obser -  
v a t i o n  and theo ry  a r e  t h e  following: 
(1) t h e r e  may be n o n - g r a v i t a t i o n a l  f o r c e s  a c t i n g  t o  
p e r t u r b  t h e  o r b i t ,  t h e s e  f o r c e s  be ing  unique t o  
t h e  n a t u r e  of  c o m e t s  themselves.  For example, 
mass l o s s  under t h e  i n f l u e n c e  o f  s o l a r  r a d i a t i o n ,  
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o r  d rag  from a r e s i s t i n g  medium i n  t h e  near  
v i c i n i t y  o f  t h e  Sun. 
(2)  t h e  p l a n e t a r y  p e r t u r b a t i o n s  a c t i n g  on t h e  comet 
may be computed only approximately.  
importance he re  is  t h e  p l a n e t  J u p i t e r  which 
s t r o n g l y  in f luences  an e n t i r e  fami ly  o f  comets. 
For example, t h e  mass o f  J u p i t e r  may no t  be known 
w i t h  s u f f i c i e n t  accuracy.  Also, and probably 
more impor tan t ,  any e r r o r  i n  t h e  e s t i m a t e  of  t h e  
comet 's  o r b i t  w i l l  be magnif ied a f t e r  a c l o s e  
approach t o  J u p i t e r .  
O f  p a r t i c u l a r  
( 3 )  t h e r e  may be f a i r l y  l a r g e  s y s t e m a t i c  e r r o r s  i n  
t h e  obse rva t ions  themselves .  This  c o u l d  be 
caused by t h e  d i f f u s e  image p resen ted  by t h e  comet 
and a l s o  t h e  l i k e l i h o o d  t h a t  t h e  c e n t e r  of  mass 
does not  co inc ide  w i t h  t h e  c e n t e r  o f  l i g h t .  Also, 
t h e  c a t a l o g  p o s i t i o n s  o f  background s t a r s  t o  
which t h e  comet image i s  r e f e r r e d  may c o n t a i n  
s y s t e m a t i c  e r r o r s .  
( 4 )  computation e r rors  due t o  roundoff and t r u n c a t i o n  
i n  t h e  numerical  i n t e g r a t i o n  scheme. 
I n  o r d e r  t o  f a c i l i t a t e  a numerical  s t u d y  o f  cometary 
motion, a moderately h igh  p r e c i s i o n  O r b i t  Determinat ion Program 
has been developed f o r  u s e  on t h e  IBM 7094 computer. The 
term " o r b i t  de te rmina t ion"  as  used i n  t h i s  c o n t e x t  imp l i e s  
f i r s t ,  a d e f i n i t i v e  o r  most probable  o r b i t  r a t h e r  than a 
p re l imina ry  o r b i t  and, second, a l i n e a r  d i f f e r e n t i a l  c o r r e c t i o n  
t o  an i n i t i a l  o r b i t  es t imate .  The o r b i t  c o r r e c t i o n  procedure 
i s  based on t h e  theo ry  of  op t imal  l i n e a r  f i l t e r i n g  and p re -  
d i c t i o n  sometimes r e f e r r e d  t o  a s  " s e q u e n t i a l ,  minimum-variance 
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es t ima t ion" ,  The O r b i t  Determinat ion Program was designed 
t o  be used for  t h e  fo l lowing  purposes:  
(1) t o  compute an  o r b i t  by numer ica l  i n t e g r a t i o n  f o r  
a comet under t h e  combined g r a v i t a t i o n a l  i n f l u e n c e  
o f  t h e  Sun and p l a n e t s ,  and o t h e r  n o n - g r a v i t a t i o n a l  
f o r c e s .  
(2 )  t o  process  a c t u a l  comet obse rva t ions  i n  o r d e r  
t o  determine t h e  most probable  e s t i m a t e  of t h e  
comet 's  motion e i t h e r  i n  t h e  p a s t  o r  f u t u r e .  
( 3 )  t o  process  s imula ted  comet obse rva t ions  t o  be 
made p r i o r  t o  and fo l lowing  t h e  launch of a 
s p a c e c r a f t  i n  o rder  t o  determine t h e  m i s s  d i s t a n c e  
due t o  t h e  comet 's  p o s i t i o n  u n c e r t a i n t y .  
Appendix A o f  t h i s  r e p o r t  d e s c r i b e s  t h e  O r b i t  Determinat ion 
Program i n  a f a i r  amount of d e t a i l ,  and i s  recommended t o  
t h e  r e a d e r  f o r  a b e t t e r  unders tanding  o f  t h e  method o f  
a n a l y s i s  employed i n  t h i s  s tudy-  
The f i r s t  phase of t h e  p r e s e n t  i n v e s t i g a t i o n  i s  
addres sed  t o  t h e  problem o f  comet o r b i t  de t e rmina t ion  g iven  
a s e t  o f  a c t u a l  obse rva t ions  t aken  ove r  a p e r i o d  o f  s e v e r a l  
p a s t  appearances.  I n  p a r t i c u l a r ,  w e  c o n s i d e r  t h e  two w e l l  
known s h o r t - p e r i o d  comets,  Comet Encke and Comet D ' A r r e s t ,  
which have been observed numerous times o v e r  t h e  p a s t  one 
hundred yea r s  o r  more. These comets a r e  s t u d i e d  w i t h  a view 
towards o b t a i n i n g  t h e  most r e p r e s e n t a t i v e  o r b i t  and i t s  
probable  u n c e r t a i n t y .  
t hen  uses  t h i s  in format ion  t o  p r e d i c t  t h e  f u t u r e  motion o f  t h e  
The second phase of t h e  i n v e s t i g a t i o n  
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comet and,  s p e c i f i c a l l y ,  t o  e s t i m a t e  t h e  comet 's  ephemeris 
e r r o r s  which a r e  r e l e v a n t  t o  t h e  guidance  accuracy  and f u e l  
r equ i r emen t s  of a s p a c e c r a f t  i n t e r c e p t  miss ion .  A s i m i l a r  
t y p e  o f  a n a l y s i s ,  bu t  n o t  i n c l u d i n g  a c t u a l  p a s t  o b s e r v a t i o n s ,  
h a s  been performed by t h e  J e t  P ropu l s ion  Labora tory  f o r  p o s s i -  
b l e  miss ions  t o  f o u r  o t h e r  comets (L igh t  1966) .  Our r e s u l t s  
and conc lus ions  a r e  i n  g e n e r a l  agreement.  
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2 .  ORBIT DETERMINATION FROM PAST OBSERVATIONS 
2 . 1  Comet Encke 
2 .1 .1  Previous  I n v e s t i g a t i o n s  
Of a l l  t h e  shor t -per iod  comets, Comet Encke, 
having t h e  s h o r t e s t  pe r iod  of 3 . 3  y e a r s ,  has r e c e i v e d  t h e  most 
a t t e n t i o n  i n  terms of  i t s  obse rva t ion  and o r b i t  a n a l y s i s .  
This  comet has been observed a t  46 appearances s i n c e  i t s  d i s -  
covery i n  1786. Previous s t u d i e s  o f  Comet Encke have shown, 
w i t h  a f a i r  degree  of  c e r t a i n t y ,  t h a t  i t s  motion cannot  be 
adequa te ly  r e p r e s e n t e d  by g r a v i t a t i o n a l  t heo ry  a l o n e  (Recht 
1939). That i s  t o  s a y ,  t h e r e  has  been a noted  d iscrepancy  
between t h e  observed and p r e d i c t e d  p o s i t i o n s  which u s u a l l y  
grows w i t h  t i m e .  Attempts t o  e x p l a i n  t h e  phenomena by system- 
a t i c  e r r o r s  i n  bo th  obse rva t ions  and computation have m e t  w i t h  
l i t t l e  success .  It i s  poss ib l e ,  of  cour se ,  t h a t  t h e r e  was a 
l a c k  of  s u f f i c i e n t  knowledge t o  make such a s y s t e m a t i c  e r r o r  
a n a l y s i s .  
s e c u l a r  a c c e l e r a t i o n  o f  mean motion, and o f t e n  of  e c c e n t r i c i t y ,  
i n  o r d e r  t o  r e p r e s e n t  a c c u r a t e l y  t h e  o r b i t  by o b s e r v a t i o n s .  
I n  t h e  case o f  Comet Encke, t h i s  a c c e l e r a t i o n  i s  of  
I n  any event ,  i t  has been necessa ry  t o  assume a 
p o s i t i v e  s e n s e  t o  account  f o r  t h e  f a c t  t h a t  t h e  comet has  
a p p a r e n t l y  moved f a s t e r  than p r e d i c t e d .  The a c c e l e r a t i o n  
model t h a t  has been assumed i n  p a s t  i n v e s t i g a t i o n s  i s  o f  t h e  
form 
1 
n = no + n  (&) 
I I T  R E S E A R C H  I N S T I T U T E  
6 
where n i s  t h e  mean d a i l y  motion and 1200 days i s  ve ry  n e a r l y  
t h e  p e r i o d  of t h e  comet.  The v a l u e  determined f o r  n over  
1 
s e v e r a l  sets o f  s u c c e s s i v e  appearances has  v a r i e d  cons ide rab ly  
i n d i c a t i n g  t h a t  t h e  a c c e l e r a t i o n  i s  n o t  uniform. Thus, over  
t h e  p e r i o d  1819-58, t h e  v a l u e  of n 
c o n s t a n t  a t  O.l"/day p e r  o r b i t .  Over t h e  pe r iod  1924-34, n 
has been g iven  a v a l u e  of 0.038. 
p e r i o d  p e r  o r b i t  would range  from -0.1 t o  -0.04 day. 
t h i s  change seems small, i t  would r e s u l t  i n  s i g n i f i c a n t  p o s i t i o n  
e r r o r s  a f t e r  n o t  t oo  many o r b i t s .  
1 
w a s  found t o  be n e a r l y  
1 
Equiva len t ly ,  t h e  change i n  
While 
P rev ious ly  determined o r b i t a l  e lements  of  C o m e t  Encke 
are l i s t e d  i n  Table  1 f o r  seven a p p a r i t i o n s  over  t h e  p e r i o d  
1931-61 ( P o r t e r  1961).  
s tudy  t o  i n i t i a l i z e  t h e  Orb i t  Determinat ion Program, and a l s o  
serve f o r  comparison purposes. While t h e  r e f e r e n c e  source  f o r  
t h e s e  elements  does n o t  g i v e  any q u a n t i t i a t i v e  measure of  
t h e i r  accuracy,  i t  does g i v e  a q u a l i t a t i v e  d e s i g n a t i o n .  Thus, 
t h e  d e s i g n a t i o n  A5 which a p p l i e s  t o  t h e  f i v e  a p p a r i t i o n s  
(1931, 34, 37,  4 1  47) i n d i c a t e s  a d e t a i l e d  o r b i t  a n a l y s i s  
based on many o b s e r v a t i o n s  wi th  l i n k i n g  of a t  least two a p p a r i -  
These elements  are used i n  t h e  p r e s e n t  
t i o n s  by a p e r t u r b a t i o n  scheme. There i s  no i n d i c a t i o n ,  however, 
as t o  whether a s e c u l a r  a c c e l e r a t i o n  model w a s  assumed f o r  %he 
de te rmina t ion  of t h e s e  elements e 
2.1.2 Observa t ions  Used i n  P r e s e n t  Ana lys i s  
For t h e  purpose of t h e  p r e s e n t  s tudy ,  about  100 
pub l i shed  o b s e r v a t i o n s  of C o m e t  Encke d u r i n g  t h e  p e r i o d  1931-61 
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w e r e  c o l l e c t e d  (Astronomical Jou rna l ,  L i c k  Observatory B u l l e t i n )  e 
It w a s  necessa ry  f i r s t  t o  check t h i s  d a t a  f o r  obvious e r r o r s ;  
e .g . ,  due t o  m i s p r i n t s .  
u a l s  (observed-ca lcu la ted  angles)  i n  each  a p p a r i t i o n  u s i n g  
P o r t e r ' s  e lements  f o r  t h e  r e f e r e n c e  o r b i t .  Those obse rva t ions  
This  was done by computing t h e  r e s i d -  
showing l a r g e  i n c o n s i s t e n c y  w i t h  t h e  g e n e r a l  t r e n d  of  t h e  
r e s i d u a l s  were d i s r ega rded .  Also ,  when o b s e r v a t i o n s  were 
c l o s e l y  grouped and c o n s i s t e n t ,  on ly  one o b s e r v a t i o n  w a s  t aken  
t o  r e p r e s e n t  t h i s  group. Table 2 l i s t s  t h e  set  o f  o b s e r v a t i o n s  
f i n a l l y  chosen f o r  t h e  o r b i t  de t e rmina t ion .  There are a t o t a l  
o f  26 o b s e r v a t i o n s  ob ta ined  i n  7 appearances  over  t h e  pe r iod  
1931-61 w i t h  no less than  3 obse rva t ions  i n  each appearance.  
Observa t ions  are s e p a r a t e d  by a t  least  one week and u s u a l l y  
2-6 weeks. 
2.1.3 Secu la r  Acce le ra t ion  
It might be s a i d  a t  t h e  s t a r t  t h a t  l i t t l e  
success  w a s  ob ta ined  i n  l i n k i n g  more t h a n  two a p p a r i t i o n s  of  
Comet Encke i n  t h e  case when motion w a s  assumed t o  be  i n f l u e n c e d  
only  by g r a v i t a t i o n a l  f o r c e s  ( t h e  Sun and p e r t u r b i n g  p l a n e t s ) .  
The l i n k i n g  o f  two a p p a r i t i o n s  i s  n o t  t o o  d i f f i c u l t  s i n c e  i t  
i s  u s u a l l y  p o s s i b l e  t o  a d j u s t  t h e  mean motion a t  t h e  expense o f  
o t h e r  o r b i t a l  e lements  i n  such a way as t o  r e p r e s e n t  t h e  obser -  
v a t i o n s  w i t h  f a i r  accuracy.  It should  be noted ,  however, t h a t  
even i n  l i n k i n g  two a p p a r i t i o n s  t h e r e  i s  ev idence  o f  a f o r c e d  
f i t  i n  t h a t  t h e  f i n a l  r e s i d u a l s  show s y s t e m a t i c  r u n s  r a t h e r  
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Table 2 
OBSERVATIONS OF COMET ENCKE USED 
IN PRESENT ANALYSIS 
Date 
(E.T.) 
1 9 3 1  June 21 .93312  
June 29.94836 
July 1 5 . 9 8 7 2 1  
1 9 3 4  July 8 .34798  
July 18 .34914  
Aug. 21.40329 
1937 Sept. 4 .47974  
Oct. 11 .23679  
Oct. 28.20667 
Nov. 8 .09227  
Nov. 23.97627 
1 9 4 1  Jan. 20 .03376  
Feb . 19 .04412  
Mar. 1.05537 
1947 Aug. 14.40406 
S ep t .2 1.42 720 
Oct. 9 .37491  
Oct. 23.39685 
Nov. 15.53985 
1957 July 28.40112 
Aug . 3 1.45050 
Sept. 19.43099 
1960  Oct. 22.15150 
Nov. 2 1 . 0 5 6 4 6  
Dec. 8 .99746  
1 9 6 1  Jan. 4 .00804  
Astrometric Right Ascension 
and Declination 
Mean Equator 6s Equinox of 
01 
114: 09936 
125.75292 
173.21260 
55.53954 
65.38815 
118.5 7804 
35.00279 
24.9 1648 
358.34742 
325.60922 
283.18687 
350.86642 
2.46344 
7 .59581  
46.50589 
74.24691 
114.85613 
166.24446 
207.51777 
54.92128 
94.76369 
133.81106 
357.65705 
341.00456 
336.38719 
333.87148 
0 -  
6 
8: 32438 
-2 e 83627 
-36.40107 
27.31937 
29.43517 
27.83642 
27.46838 
38 e 26244  
43.74835 
39 .60246  
14 .86253  
4 .20893  
8 .65115  
10.63437 
28 .00  142 
41.09196 
47.61468 
32 .99894  
-5.14698 
28 .48136  
34.80072 
28.40439 
17 .61303  
9 s 91919 
6 .32133  
2 , 6 4 2 0 6  
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Observatory 
(City) 
Cordoba 
Cordoba 
Cordoba 
Williams Bay 
Williams Bay 
Williams Bay 
Mount Hami 1 ton 
Williams Bay 
Mount Hami 1 ton 
Char lot t esville 
Char lot t esville 
Williams Bay 
Williams Bay 
Williams Bay 
Mount Hamilton 
Mount Hami 1 ton 
Williams Bay 
Williams Bay 
Flagstaff (Lowell) 
Washington (USNO) 
Washington (USNO) 
Washington (USNO) 
Williams Bay 
Williams Bay 
Williams Bay 
Williams Bay 
than  t h e  expected random d i s t r i b u t i o n .  The real t e s t  comes i n  
t h e  a t t e m p t  t o  l i n k  more than two a p p a r i t i o n s .  
S ince  t h e  p r i n c i p a l  e f f e c t  of t h e  observed d iscrepancy  
i n  t h e  motion i s  an advance o r  r e g r e s s i o n  of t h e  comet 's  
p o s i t i o n - i n - o r b i t ,  a t a n g e n t i a l  s e c u l a r  a c c e l e r a t i o n  of t h e  
fo l lowing  form i s  assumed 
H e r e ,  t h e  p .  are c o n s t a n t  c o e f f i c i e n t s  t o  be  determined by t 4 
d a t a  f i t t i n g ,  r i s  t h e  h e l i o c e n t r i c  r a d i u s  of t h e  comet and 1 
i s  i t s  v e l o c i t y  v e c t o r .  A maximum of 10 c o e f f i c i e n t s  i s  
al lowed i n  t h e  O r b i t  Determinat ion Program; however, on ly  t h e  
t e r m  w a s  used i n  t h e  a n a l y s i s .  To expres s  t h e  s e c u l a r  
a c c e l e r a t i o n  parameter  i n  more f a m i l i a r  terms, namely t h e  
change i n  p e r i o d  pe r  o r b i t  LIP, and t o  a l low comparison w i t h  
p rev ious  r e s u l t s ,  t h e  fo l lowing  r e l a t i o n s h i p s  can be  d e r i v e d  
P O  
1 
= LIP/3P2= -n /67r (2) PO 
1 
where n i s  t h e  change i n  mean motion per  o r b i t  i n  u n i t s  of  
r ad ians /day .  
Table  3 i l l u s t r a t e s  t h e  ev idence  of a s e c u l a r  accelera- 
t i o n  e f f e c t  f o r  C o m t  Encke. I n  t h i s  example, t h e  o b s e r v a t i o n s  
of t h e  1931, 1934 and 1941 a p p a r i t i o n s  were used t o  de te rmine  
t h e  o r b i t  over  t h i s  p e r i o d  both w i t h  and w i t h o u t  a s e c u l a r  
a c c e l e r a t i o n .  The two o r b i t s  so  o b t a i n e d  were then  e x t r a p o l a t e d  
t o  t h e  1947 a p p a r i t i o n  and i n  each case t h e  1947 r e s i d u a l s  
were computed. When a s e c u l a r  a c c e l e r a t i o n  was al lowed,  t h e  
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v a l u e  ob ta ined  f o r  t h e  1931-41 p e r o i d  w a s  -0.025 d a y / o r b i t .  
t h i s  case, t h e  1947 r e s i d u a l s  have an average RMS v a l u e  of about  
70". This  i s  t o  be compared wi th  an average  r e s i d u a l  o f  about  
1650" f o r  t h e  case i n  which no s e c u l a r  a c c e l e r a t i o n  w a s  a l lowed,  
Hence, t h e  20-fold improvement i n  r e p r e s e n t i n g  t h e  1947 obser -  
v a t i o n s  g i v e s  ample ev idence  of t h e  e x i s t e n c e  of  a non-gravi ta-  
t i o n a l  f o r c e  a c t i n g  t o  p e r t u r b  t h e  motion of  Comet Encke, and 
a l s o  t h a t  t h i s  f o r c e  has a s i g n i f i c a n t  t a n g e n t i a l  component. 
O f  cou r se ,  no claim can be made t h a t  t h e  s e c u l a r  a c c e l e r a t i o n  
model assumed h e r e  a c t u a l l y  r e p r e s e n t s  t h e  real  f o r c e s  t h a t  are 
a c t i n g .  What i s  hoped f o r  i s  t h a t  t h e  s e c u l a r  a c c e l e r a t i o n  b e  
f a i r l y  uniform so  t h a t  i t s  average e f f e c t  can be e s t ima ted .  
In 
S e v e r a l  v a l u e s  o f  t h e  s e c u l a r  a c c e l e r a t i o n  determined 
by f i t t i n g  the o b s e r v a t i o n a l  d a t a  over  d i f f e r e n t  combinat ions 
of appearances are l i s t e d  i n  Table  4. The v a l u e s  so ob ta ined  
appear  t o  be c o n s i s t e n t  a l though t h e  p e r i o d  1947-61 g i v e s  a 
v a l u e  about  30 pe rcen t  lower than  t h e  pe r iod  1931-47. The mean 
v a l u e  of  t h e  f i v e  combinations of  appearances i s  -0.0223 day/ 
o r b i t  o r ,  i n  terms o f  t h e  mean motion, +O.O2"/day p e r  o r b i t .  
Thus, t h e r e  i s  f a i r l y  good agreement w i t h  prev ious  i n v e s t i g a t i o n s .  
2.1.4 Systems of  Appearances 
The procedure fol lowed i n  t h e  remaining a n a l y s i s  
of Comet Encke w a s  t o  s e p a r a t e  t h e  o b s e r v a t i o n s  i n t o  two main 
systems of  appearances.  Keeping c h r o n o l o g i c a l  o r d e r ,  t h e  p e r i o d  
1931-47 i s  des igna ted  System I, and t h a t  f o r  1947-61, System 11. 
The o b s e r v a t i o n s  i n  each of  t h e s e  two systems were processed  by 
I I T  R E S E A R C H  I N S T I T U T E  
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Table 4 
1931, 1934, 1941 
1931, 1934, 
DETERMINED VALUES OF SECULAR ACCELERATION 
FOR COMET ENCKE 
-5.73 1o09 -0.0248 
I I SECULAR ACCELERATION 
1931, 1934, 1937 
1941, 1947 
1947, 1957, 1961 
(day- 5 AP (days, o r b i t  I SYSTEM OF APPARITIONS I 
-5.63 -0.0243 
-4.38 x lo" -0.0189 
1941, 1947 -5.83 x LO" -0.0251 I 
1957, 1960 
START FROM 1954 
PORTER'S ELEMENTS 
-4.22 x LOo9 -0.0182 
MEAN VALUE -5.16 -0.0223 
STANDARD DEVIATION 0.7 0.003 
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t h e  " s e q u e n t i a l  minimum-variance e s t ima t ion"  method t o  o b t a i n  
t h e  most r e p r e s e n t a t i v e  o r b i t  ove r  t h e  r e s p e c t i v e  p e r i o d s  
(see Appendix A ) .  
1947 are taken  from P o r t e r ' s  e lements  l i s t e d  i n  Table  1. Each 
o b s e r v a t i o n  i s  g iven  equa l  weight cor responding  t o  a l a  random 
o b s e r v a t i o n  e r r o r  of 2". The v a l u e s  of  t h e  s e c u l a r  a c c e l e r a t i o n  
o b t a i n e d  f o r  t h e  two systems of appearances has a l r e a d y  been 
g iven  i n  Table  4.  
The i n i t i a l  o r b i t  estimates i n  1931 and 
To check t h e  "goodness-of-fi t",  t h e  o r b i t  determined 
a t  t h e  end of each system of appearances w a s  i n t e g r a t e d  back- 
ward and t h e  0-C r e s i d u a l s  i n  r i g h t  a scens ion  and d e c l i n a t i o n  
were computed. The r e s i d u a l s  by f i n a l  e lements  f o r  System I 
a r e l i s t e d  i n  Table  5. Consider ing t h e  System I o r b i t  d e t e r -  
mina t ion ,  i t  i s  clear t h a t  t h e  r e s i d u a l s  are n o t  as small as 
one would hope f o r .  
i n  1931, bu t  t h e  RMS average over  t h e  e n t i r e  p e r i o d  i s  cons ide r -  
a b l y  smaller. 
p o l a t e d  backward from 1947, one would expect t h e  l a r g e s t  
d e v i a t i o n  t o  occur  i n  1931. A c t u a l l y ,  t h e  r e s i d u a l s  by them- 
s e l v e s  do n o t  g i v e  a complete p i c t u r e  of  t h e  o r b i t  de t e rmina t ion  
accuracy .  
i n  t h e  elements  are n o t  c o n s t a n t  throughout  t h e  pe r iod .  Rather ,  
they  show c o n s i d e r a b l e  v a r i a t i o n  w i t h  t h e  geometr ic  c o n d i t i o n s  
e x i s t i n g  a t  t h e  moments of obse rva t ion .  
s i t u a t i o n ,  t h e  s e n s i t i v i t y  c1 and 6 t o  a 4-0.01 day e r r o r  i n  
p e r i h e l i o n  t i m e  i s  shown i n  Table  6 f o r  one d a t e  i n  each y e a r  
The l a r g e s t  r e s i d u a l s  of  about  200" occurs  
Inasmuch as t h e  System I o r b i t  i s  be ing  e x t r a -  
This  i s  because t h e  s e n s i t i v i t y  of  a and 6 t o  e r r o r s  
To i l l u s t r a t e  t h i s  
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T a b l e  5 
RESIDUALS OF SYSTEM I - COMET ENCKE 
Secu la r  Acce lera t ion  AP = -0.0243 day /o rb i t  
1 9 3 1  
1934 
1937 
1 9 4 1  
i 
June 2 1  
June 29 
J u l y  15 
J u l y  8 
J u l y  18 
Aug. 2 1  
Sept .  4 
O c t .  11 
Oct. 28 
Nov. 8 
Nov. 2 3  
Jan.  20 
Feb. 19 
Mar. 1 
Aug. 14 
Sept .  2 1  
Oct. 9 
O c t .  23 
Nov. 15 
RESIDUALS 1 
ACX 
__ 
2 1!'6 
2 1 . 0  
-176.3 
- 2 8 . 4  
-27.6 
-63.2 
-4.6 
-28.1 
-10.6 
54.5 
103 . 9 
0.8 
-2.2 
-14.3 
20.0 
26.7 
6 . 4  
-7 .9 
3 .6  
FINAL ELEMENTS 
A6 
88!'6 
124.7 
215.8 
0 . 9  
-2.3 
27.9 
-6.8 
-19.4 
-37.9 
-52.3 
11.2 
3 . 0  
2.4 
-0.7 
-1.7 
-2.6 
-4.1 
13.9 
14.2 
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of  appearance.  Thus, f o r  example, one f i n d s  t h a t  t h e  s m a l l e s t  
s e n s i t i v i t y  occurs  i n  1941. T h i s  i n fo rma t ion , t aken  t o g e t h e r  
w i t h  similar s e n s i t i v i t i e s  t o  t h e  o t h e r  o r b i t a l  e lements ,  show 
t h a t  t h e  geometr ic  c o n d i t i o n s  of t h e  1941 a p p a r i t i o n  w a s  n o t  
ve ry  conducive t o  a c c u r a t e  o r b i t  de t e rmina t ion .  Thus, t h e  
a p p a r e n t l y  s m a l l  1941 r e s i d u a l s  shown i n  Table  5 does n o t  imply 
t h a t  t h e  1941 a p p a r i t i o n  i s  b e t t e r  determined than  say  t h e  1937 
a p p a r i t i o n  where t h e  r e s i d u a l s  are f a i r l y  l a r g e .  
To f u r t h e r  expound upon t h i s  p o i n t ,  l e t  us  compare t h e  
v a r i o u s  p e r i h e l i o n  t i m e s  of System I w i t h  t h o s e  o f  P o r t e r  
(Table  I) which are presumably ve ry  a c c u r a t e .  
Appar i t i on  
193 1 
1934 
1937 
1941 
1947 
-0.021 day 
-0.016 
-0.007 
-0.006 
-0.003 
The above t a b l e  shows t h a t  t h e  System I o r b i t  becomes less 
a c c u r a t e  w i t h  each earlier a p p a r i t i o n ,  however, t h e  l a r g e s t  
e r r o r  i s  only  0.02 day. It must be  remembered t h a t  t h e  f i n a l  
o r b i t  of System I assumes a c o n s t a n t  s e c u l a r  a c c e l e r a t i o n  
determined as an average  over  t h e  e n t i r e  pe r iod .  
c o n s i d e r a t i o n ,  i t  could  be s a i d  t h a t  t h e  System I o r b i t  i s  a 
f a i r l y  a c c u r a t e  r e p r e s e n t a t i o n  of t h e  1931-47 a p p a r i t i o n s  
might be  p o s s i b l e ,  of c o u r s q t o  f i n d  a b e t t e r  system of e lements  
e i t h e r  by cont inued  i t e r a t i o n  o r  by employing a b e t t e r  s e c u l a r  
With t h i s  
It 
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T a b l e  6 
SENSITIVITY OF RIGHT ASCENSION AND DECLINATION 
TO ERROR I N  TIME OF PERIHELION - COMET ENCKE 
AT = W.01 DAYS 
DATE Aa 
1 9 3 1  J u l y  1 5  -86" 98" 
1 9 3 4  Aug. 2 1  -45 1 5  
1937 Nov. 8 114 -57 
1 9 4 1  Mar. 1 -3 -2 
1947 Oct. 23 -42 7 3  
1957 Sept. 19 -49 2 4  
1 9 6 1  Jan. 4 32 8 
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a c c e l e r a t i o n  model. 
f a c t o r  t o  be  cons idered .  
Numerical i n t e g r a t i o n  e r ror  i s  a l s o  a 
The System I1 r e s i d u a l s  g iven  i n  Table 7 show t h a t  t h e  
1957 and 1961 a p p a r i t i o n s  a r e  ve ry  w e l l  determined.  Here, t h e  
l a r g e s t  r e s i d u a l  i s  5.4" and t h e  ave rage  RMS r e s i d u a l  over  
t h e s e  two a p p a r i t i o n s  i s  only  3". 
j e c t e d  back t o  1947 does show f a i r l y  l a r g e  r e s i d u a l s  by compari- 
son. However, fo l lowing  along t h e  l i n e s  o f  t h e  p rev ious  d i s -  
c u s s i o n ,  i t  i s  found t h a t  t h e  1947 p e r i h e l i o n  t i m e  i s  i n  e r r o r  
by on ly  0.01 day. 
The System I1 o r b i t  pro- 
A comparison o f  t h e  System I and 11 o r b i t a l  e lements  
f o r  t h e  1947 a p p a r i t i o n  i s  shown i n  Table  8. 
a, and e d i f f e r  by t h e  amounts 0.013 day, -3 x loq5  and 
-7 x r e s p e c t i v e l y .  The o r i e n t a t i o n  a n g l e s  R and CD show 
d i f f e r e n c e s  of  about  50". 
The elements  T, 
F i n a l l y ,  Table  9 shows t h e  1961 o r b i t a l  e lements  of 
Comet Encke determined by t h e  System I1 d a t a  f i t .  
u n c e r t a i n t y  i n  t h e  elements  a r e  a l s o  g iven .  These elements  and 
u n c e r t a i n t i e s  may be used t o  p r e d i c t  t h e  f u t u r e  motion of  Comet 
Encke. For example, suppose w e  e x t r a p o l a t e  t h e  o r b i t  t o  t h e  
1974 a p p a r i t i o n .  The u n c e r t a i n t y  i n  t h e  semi-major a x i s  and 
t h e  s e c u l a r  a c c e l e r a t i o n  w i l l  each r e s u l t  i n  a p e r i h e l i o n  t i m e  
e r r o r  of about  0.01 days.  For Comet Encke, t h i s  t i m e  e r r o r  
cor responds  t o  a 60,000 km p o s i t i o n - i n - o r b i t  e r r o r  a t  t h e  1974 
per ihe l ion . ,  
The l a  
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2.2 Comet D 'Arrest  
2 .2 .1  Previous I n v e s t i g a t i o n s  
Comet D'Arrest, having  a p e r i o d  o f  about  6.6 
y e a r s ,  has  been observed a t  10 appearances s i n c e  i t s  d i scove ry  
i n  1851. 
p l a n e t  J u p i t e r  which s t r o n g l y  p e r t u r b s  i t s  subsequent  motion. 
A c l o s e  approach was made i n  1861 and 1920, and i s  expec ted  
a g a i n  i n  1968. I n  f a c t ,  i t  i s  t h e  p e r t u r b i n g  e f f ec t  o f  t h e  
1968 approach which offers an improved Earth-comet geometry 
f o r  a 1976 space  probe mission.  
Occas iona l ly  t h e  comet pas ses  w i t h i n  0.5 AU o f  t h e  
The most e x t e n s i v e  s tudy  o f  t h e  motion o f  Comet 
D ' A r r e s t  was made by Recht ,  who a t t empted  t o  f i n d  a s i n g l e  
sys tem of o s c u l a t i n g  elements t h a t  would r e p r e s e n t  c l o s e l y  t h e  
o b s e r v a t i o n s  ob ta ined  i n  the e i g h t  appearances over  t h e  p e r i o d  
1851-1924 (Recht 1939) .  
h i s  c a r e f u l  a n a l y s i s  o f  t h e  motion f o r  p a i r s  of s u c c e s s i v e  
appearances i n d i c a t e d  t h e  presence o f  a s e c u l a r  a c c e l e r a t i o n  of 
mean motion and a l s o  o f  e c c e n t r i c i t y .  
t h e  appa ren t  s e c u l a r  a c c e l e r a t i o n s  were o f  t h e  same magnitude 
a s  f o r  Comet Encke, bu t  oppos i t e  i n  d i r e c t i o n .  The average 
s e c u l a r  change of t h e  mean motion ove r  t h e  73 y e a r  i n t e r v a l  
s t u d i e d  was determined t o  be  -0.035"/day p e r  o r b i t  ( o r ,  
e q u i v a l e n t l y ,  AP = 0.15 d a y / o r b i t ) .  I n  h i s  a n a l y s i s ,  Recht 
d i d  n o t  a t t empt  t o  f i n d  o u t  whether  t h e  a p p l i c a t i o n  of t h i s  
uniform change would make it  p o s s i b l e  t o  r e p r e s e n t  c l o s e l y  t h e  
o b s e r v a t i o n s  i n  each appearance o f  t h e  comet. It i s  u n l i k e l y  
Although t h i s  a t t e m p t  was n o t  success fu1 ,  
I n t e r e s t i n g l y  enough, 
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t h a t  t h e  r e s i d u a l s ,  if obta ined ,  would have been uniformly 
s m a l l  s i n c e  t h e  s e c u l a r  a c c e l e r a t i o n s  determined f o r  t h e  v a r i -  
ous p a i r s  o f  appearances showed a s i g n i f i c a n t  v a r i a n c e  from 
t h e  average va lue .  F u r t h e r  evidence t h a t  t h e  o r b i t  was not  
w e l l  determined i s  given by t h e  f a c t  t h a t  t h e  p r e d i c t e d  t i m e  
o f  p e r i h e l i o n  f o r  t h e  1943 a p p a r i t i o n  was t o o  l a r g e  by 1 . 2  days 
( P o r t e r  1961).  
Table  10 g i v e s  P o r t e r ' s  elements of  Comet D'Arrest f o r  
t h e  fou r  appearances i n  1910, 1923, 1943, and 1950. These 
elements  a r e  used i n  t h e  p re sen t  s tudy  t o  i n i t i a l i z e  t h e  O r b i t  
Determinat ion Program, and a l s o  s e r v e  f o r  comparison purposes.  
It might be mentioned t h a t  t h e  o r i g i n a l  r e f e r e n c e  f o r  t h e  1943 
and 1950 elements  was an a n a l y s i s  by Recht. 
2.2.2 P r e s e n t  Analysis  
Publ i shed  obse rva t ions  o f  Comet D'Arrest  f o r  
t h e  appearances of  1910, 1 9 2 3 ,  1943 and 1950 were ob ta ined  from 
t h e  Astronomical J o u r n a l  and t h e  Lick  Observatory B u l l e t i n .  
The f i v e  obse rva t ions  i n  each appearance used i n  t h e  p r e s e n t  
a n a l y s i s  a r e  l i s t e d  i n  Table 11. It i s  noted  t h a t  a l l  but  one 
o f  t h e  obse rva t ions  were taken a t  t h e  Yerkes Observatory i n  
Williams Bay, Wisconsin. 
The f i r s t  s t e p  taken i n  t h e  a n a l y s i s  was t o  compare 
t h e  r e s i d u a l s  of  t h e  1923-50 appearances by a forward e x t r a p o l a -  
t i o n  o f  t h e  supposedly w e l l  determined o r b i t a l  e lements  of  
1910. These elements  a r e :  
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J a n  . 
J a n  . 
J a n  . 
1943  O c t o  
Nov. 
Nov . 
Dec . 
1944  J a n  . 
1950  June  
June  
J u l y  
Aug . 
Sep t  
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OBSERVATIONS OF COMET D'ARREST 
USED I N  PRESENT ANALYSIS 
Date 
(EeT.) 
26 . 07 145 
5.05419 
31.00743 
7.01778 
25.00812 
2.01983 
4 05046 
6.00447 
24 . 016 7 1 
27.03660 
24.10051 
14.01066 
28 . 00823 
25.99760 
15.02724 
11 .34734  
25.34247 
14.35196 
16.36716 
7.36217 
Astrometr ic  Right  Ascensiol 
and D e c l i n a t i o n  
Mean Eauator  & Equinox of  
0 
277 t76087  
287.31374 
316 . 03 1 3 5  
323.24870 
339.73392 
0.98843 
2.18625 
3 . 33072 
13.32222 
14 , 9 1440 
300,31108 
319.56084 
33 1,41064 
35 1 . 9 1439  
4.38148 
5.97871 
17 .08396  
30 .87074  
49 .21903  
56.07282 
-24.16252 
-27.03062 
-29.38802 
-28,64804 
-25.03925 
-17 . 17726 
-16.63166 
-16 .10641  
-11.34379 - 10.57001 
-27 95931  
-27.64378 
-25.68282 
-19.45389 
- 14 . 29 949 
3.21817 
3.86342 
3.57436 
-0.21375 
-4.65408 
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Observatory 
( C i t y )  
W i l l i a m s  Bay 
11 
11 
I t  
11 
11 
11 
I t  
11 
11 
F o r t  Davis 
Wil l iams Bay 
S I  
11 
11 
I t  
11 
11 
11 
11 
8 
8 
8 
I 
8 
I 
8 
I 
8 
8 
8 
8 
8 
1 
8 
I 
8 
8 
a 
EPOCH 
T 
a 
e 
R 
i 
cu 
1910 Sept .  16 
1910 Sept .  16.89704 
3.497793 AU 
0.636944 
146 z92180 
15 :78650 
173z79800 
The computed r e s i d u a l s  l i s t e d  i n  Table  12 show t y p i c a l  
v a l u e s  o f  s e v e r a l  hundred seconds of  a r c .  
t h e  r e s i d u a l s  do not  show a uniform growth w i t h  t i m e ,  which may 
be p a r t i a l l y  exp la ined  by t h e  f a c t  t h a t  t h e  computed e r r o r s  i n  
p e r i h e l i o n  t i m e  a r e  n o t  ve ry  uniform. For example, i n  1923 and 
1943, t h e  r e s p e c t i v e  v a l u e s  of  AT a r e  about  0.14 and 0.19 days.  
However, i n  1950, AT i s  o n l y  0.002 day. A f u r t h e r  p o i n t  t o  be 
made i s  t h a t  t h e  a r e s i d u a l s  are  p o s i t i v e  which would i n d i c a t e  
t h e  p o s s i b i l i t y  o f  a p o s i t i v e  s e c u l a r  a c c e l e r a t i o n  of mean 
motion. This  r e s u l t  would then be i n  c o n t r a d i c t i o n  t o  t h a t  
found by Recht. 
I n t e r e s t i n g l y  enough, 
All a t t empt s  t o  l i n k  t h e  f o u r  appearances by a s i n g l e  
system o f  o s c u l a t i n g  elements were l a r g e l y  unsuccess fu l .  This  
was t r u e  a l s o  when a s e c u l a r  a c c e l e r a t i o n  was al lowed.  Var ious ly  
determined v a l u e s  o f  t h e  c o e f f i c i e n t  po, o b t a i n e d  by f i t t i n g  
ove r  d i f f e r e n t  combinations of appearances ,  d i f f e r e d  by an 
order-of-magnitude and a l s o  of s i g n .  Furthermore,  t h e  c o r r e s -  
ponding o r b i t s  d i d  no t  r e p r e s e n t  t h e  obse rva t ions  ve ry  w e l l .  
Of ten ,  t h e  r e s i d u a l s  were l a r g e r  t han  t h o s e  o b t a i n e d  by s imply 
e x t r a p o l a t i n g  t h e  1910 elements.  The p r i n c i p a l  conc lus ions  o f  
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t h i s  work was t h a t  w e  could  n e i t h e r  v e r i f y  nor  d i s p u t e  t h e  
a n a l y s i s  by Recht,  and t h a t  the long-term behavior  of  Comet 
D ' A r r e s t  w i l l  r e q u i r e  f u r t h e r ,  and more c a r e f u l  s tudy .  
A t e n t a t i v e ,  bu t  l i k e l y ,  i d e n t i f i c a t i o n  o f  t h e  source  
of t h e  problem i s  due t o  t h e  c l o s e  approach o f  t h e  comet t o  
J u p i t e r  i n  1920. I n  t h e  f i r s t  p l a c e ,  and probably most s i g n i f i -  
c a n t ,  i s  t h e  s e n s i t i v i t y  problem. That i s ,  a s m a l l  e r r o r  i n  t h e  
o r b i t  e s t i m a t e  w i l l  be magnified by a c l o s e  approach t o  J u p i t e r  
so  t h a t  t h e  subsequent  p r e d i c t i o n  o f  t h e  motion w i l l  be degraded. 
This  problem might be a l l e v i a t e d  by a l lowing  s e v e r a l  i t e r a t i o n s  
i n  t h e  o r b i t  de t e rmina t ion  process ,  t he reby  improving t h e  v a l i d i t y  
of  t h e  l i n e a r i t y  assumptions.  This  was no t  a t tempted  i n  t h e  
p r e s e n t  a n a l y s i s .  
o t h e r  sou rces  of error  might be i d e n t i f i e d  w i t h  numerical  i n t e -  
g r a t i o n  e r r o r  bu i ldup  over  many o r b i t s ,  and an i n s u f f i c i e n t l y  
a c c u r a t e  p o s i t i o n  ephemeris f o r  J u p i t e r .  
I n  a d d i t i o n  t o  t h e  s e n s i t i v i t y  problem, 
I n  t h e  f a c e  of t h e  r e l a t i v e  f a i l u r e  t o  l i n k  t h e  f o u r  
appearances of C o m e t  D'Arrest, an a t t empt  was made t o  l i n k  on ly  
t h e  l a s t  two appearances i n  1943 and 1950. This a t t empt  was 
s u c c e s s f u l  a s  is evidenced by t h e  r e s i d u a l s  l i s t e d  i n  Table  13. 
The l a r g e s t  r e s i d u a l  i s  only 4" and t h e  RMS average  i s  2". 
s e c u l a r  a c c e l e r a t i o n  i s  inc luded  i n  t h i s  o r b i t  de t e rmina t ion ,  
A comparison o f  t h e  1943 elements found i n  t h i s  a n a l y s i s  t o  
P o r t e r ' s  e lements  show f a i r l y  l a r g e  d i f f e r e n c e s ,  e,g., 6.5 x 10 AU 
i n  semi-major a x i s ,  1.5 x i n  e c c e n t r i c i t y ,  and 0.018 deg 
i n  argument o f  p e r i h e l i o n .  
No 
-4 
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Table 12 
RESIDUALS OF 1910 ORBIT - COMET D'ARREST 
No Secu la r  A c c e l e r a t i o n  
DATE 
1910 Sept .  26 
O c t o  5 
O c t .  3 1  
Nov. 7 
Nov. 25  
1924  Jan ,  2 
J a n .  4 
Jan.  6 
Jan .  2 4  
Jan. 27 
1943 O c t ,  2 4  
Nov. 14 
Nov. 28 
Dec. 25 
1944 Jan ,  1 5  
1950 June  11 
June 25 
J u l y  14 
Aug. 16 
Sept .  7 
ACI 
I 1  
-4.3 
2.0 
2.1 
1.9 
0.5 
387 
366 
365 
3 10 
301 
479 
540 
53 1 
459 
395 
72 
11 6 
16 5 
209 
226 
I I  
-3 .4 
-2.0 
-3.6 
-2.4 
-0.7 
14 6 
143  
143 
14 6 
14 7 
-95 
- 8  
56 
127 
148 
111 
126 
148 
186 
215 
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T a b l e  1 3  
COMET D ARREST ORBIT  DETERMINATION 
FROM OBSERVATIONS I N  1 9 4 3 ,  1950 
a )  RESIDUALS BY F I N A L  ELEMENTS 
Ad -Aa - DATE -
11 
1943 O c t .  2 4  +0:18 -2.00 
N o v .  14 -1.63 +O .04 
Nov.  28 -3.01 +0.30 
D e c .  25  -2.53 +2.87 
1944 Jan. 1 5  -4.38 +1.04 
June 25  -1.56 +O . 52  
J u l y  14 +2.15 +O. 7 4  
1950  June  11 -1.10 +2 . 7 3  
A u g .  16 +1.78 -1.12 
Sep t ,  7 +0.29 -1.62 
RMS AVERAGE 2.20 1.60 
b)  COMPARISON O F  1943 ORBITAL ELEMENTS 
PRESENT ANALYSIS PORTER 
EPOCH 1943  Sept.  18.0 
T, (E,T.) 1943 S e p t .  22.47853 Sep t .  22.574 
a ,  ( A m  3 . 5596940 3 . 559048 
e 0.610779 0.610627 
R 143:62188 143?6293  
i 18:010919 18P0114 
174P4003 a 174:38239 
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Table 14 shows t h e  1950 o r b i t a l  e lements  and t h e i r  l o  
u n c e r t a i n t y  determined fo r  t h e  1943-50 d a t a  f i t .  
purposes ,  t h e  u n c e r t a i n t y  i n  t h e  o r b i t  estimate,  p a r t i c u l a r l y  
semi-major a x i s ,  must be cons idered  w i t h  some doubt because t h e  
determined o r b i t  does no t  c l o s e l y  r e p r e s e n t  t h e  obse rva t ions  i n  
1923 and 1910. Never the l e s s ,  f o r  t h e  sake  of example, w e  w i l l  
u se  t h e s e  elements  and u n c e r t a i n t y  t o  e x t r a p o l a t e  t h e  o r b i t  t o  
t h e  1976 a p p a r i t i o n .  
For p r e d i c t i o n  
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3, INTERCEPT ACCURACY FOR FUTURE MISSIONS 
A t t e n t i o n  isnow tu rned  t o  two examples of a space probe 
miss ion  t o  t h e  comet - Encke i n  1974 and D'Arrest i n  1976. A 
r e c e n t  survey  o f  comet rnissions p laced  both Encke and D ' A r r e s t  
on t h e  l i s t  o f  s e l e c t e d  t a r g e t s  f o r  space  miss ions  dur ing  t h e  
nex t  decade (Roberts  1965). The q u e s t i o n s  of i n t e r e s t  i n  t h i s  
s e c t i o n  of t h e  r e p o r t  concern t h e  e f f ec t  o f  comet ephemeris 
e r r o r s  on t h e  accuracy o f  s p a c e c r a f t  i n t e r c e p t ,  and t h e  r e q u i r e -  
ments o f  Earth-based comet obse rva t ions  i n  t h e  yea r  of launch, 
3.1 Comet Encke (1974) 
A summary o f  t h e  mission c h a r a c t e r i s t i c s  are l i s t e d  i n  
Table  15, The assumed f l i g h t  t i m e  i s  110 days w i t h  a launch 
da te  o f  Feb. 7 ,  1974. The approach v e l o c i t y  i s  r a t h e r  h igh  a t  
35 km/sec l eav ing  on ly  about  40 minutes o f  experiment t i m e  a s  
t h e  s p a c e c r a f t  passes  through t h e  coma, 
l oad  c a p a b i l i t y ,  t h e  Atlas-Centaur launch v e h i c l e  w i t h  a k i c k  
s t a g e  can  d e l i v e r  an 800 lb .  s p a c e c r a f t  e x c l u s i v e  o f  shroud and 
a d a p t e r .  
A s  an  example of pay- 
A schematic  drawing of t h e  h e l i o c e n t r i c  t r a n s f e r  t ra-  
j e c t o r y  i s  shown i n  F igure  1 a long w i t h  t h e  r e l a t i v e  p o s i t i o n s  
of t h e  E a r t h  and Comet Encke, 
which t h e  comet can be s i g h t e d  from E a r t h ,  and i s  de f ined  by a 
minimum b r i g h t n e s s  o f  magnitude 20 and v i s i b i l i t y  i n  a da rk  sky 
f o r  a pe r iod  of two hours  o r  more, The expec ted  recovery  160 
days be fo re  launch i s  an  important  f a c t o r  f o r  t h i s  miss ion  a s  
w i l l  be seen  s h o r t l y .  
Recovery i s  t h e  e a r l i e s t  d a t e  on 
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Table 15 
SUMMARY OF CHARACTERISTICS FOR MISSION 
TO ENCKE ( 1 9 7 4 )  
Mission Characteristics 
Launch Date 
Flight Time (TF) 
Communications Distance (RC) 
Ideal Velocity (AV) 
Approach Velocity (VHP) 
Recovery (days before launch) 
Desired Miss Distance 
Time Passing through Coma 
Magnitude at Intercept 
Launch Vehicle Payload Capability 
Atlas -Centaur-Kic k 
7 Feb. 1974  
110 days 
0 . 4  AU 
4 7 , 7 0 0  ft/sec 
35 km/sec 
160 
1,000 km 
40 minutes 
8 
800 lbs. 
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ENCKE - 15 DAY INTERVALS 
FROM LAUNCH 
MAR. 
DEC 
S EPT. 
Figure  1 110 DAY TRAJECTORY TO ENCKE 
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Figure  2 i l l u s t r a t e s  t h e  t a r g e t  p lane  f o r  t h i s  miss ion  
w i t h  r e f e r e n c e  t o  t h e  e c l i p t i c  p lane  and t h e  p o s i t i o n s  o f  t h e  
E a r t h  and Sun, I n t e r c e p t  occurs about 11" below t h e  e c l i p t i c  
p l ane ,  The communication d i s t a n c e  t o  E a r t h  a t  t h i s  t i m e  i s  
0.4 AU. 
which i s  normal t o  t h e  t a r g e t  p l ane  (de f ined  by t h e  R,  T v e c t o r s ) ,  
T i s  a r b i t r a r i l y  de f ined  a s  being p a r a l l e l  t o  t h e  e c l i p t i c  p lane ,  
S ince  t h e  approach i s  approximately a long  t h e  d i r e c t i o n  t o  the  
Sun, t h e  s p a c e c r a f t  should  pass through t h e  t a i l  of  t h e  comet. 
The s p a c e c r a f t  m i s s  d i s t a n c e  l i e s  i n  t h e  T-R p l ane  and i s  
measured from t h e  comet c e n t e r ,  
The s p a c e c r a f t  approaches t h e  comet a long  t h e  S v e c t o r  
F igu re  3 shows t h e  r educ t ion  i n  t h e  comet 's  ephemeris 
e r r o r  which is ob ta ined  by obse rva t ions  made i n  t h e  y e a r  of 
launch.  P l o t t e d  i s  t h e  comet's t a n g e n t i a l  p o s i t i o n  e r r o r  ( i n  
t h e  d i r e c t i o n  o f  comet motion) a t  encounter  a s  a f u n c t i o n  of 
s u c c e s s i v e  obse rva t ion  t i m e s ,  The o b s e r v a t i o n  schedule  begins  
a t  r ecove ry  and con t inues  a t  i n t e r v a l s  o f  8 days,  The assumed 
2 seconds of  arc  obse rva t ion  e r r o r  r e p r e s e n t s  t h e  b e s t  c u r r e n t  
p r a c t i c e  of  a s t r o m e t r i c  obse rva t ion  - a major p a r t  o f  t h i s  e r r o r  
i s  due t o  t h e  p o s i t i o n  u n c e r t a i n t i e s  of  t h e  background s t a r  
t o  which t h e  comet 's  photographic  image i s  r e f e r r e d .  
The lower curve  shown i n  F igu re  3 r e p r e s e n t s  t h e  a 
p r i o r i  o r b i t  in format ion  which has  been e x t r a p o l a t e d  from t h e  
System I1 d a t a  f i t ;  t h a t  i s ,  from o b s e r v a t i o n s  i n  1947, 1957 
and 1960. It i s  seen t h a t  only a f e w  c u r r e n t  o b s e r v a t i o n s  a r e  
needed t o  reduce t h e  p o s i t i o n  e r r o r  from 60,000 k m  t o  7,000 km. 
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As a d d i t i o n a l  obse rva t ions  a r e  made, t h i s  e r r o r  remains f a i r l y  
c o n s t a n t  u n t i l  March 1974 a t  which t i m e  t h e  d i s t a n c e  between 
E a r t h  and Encke i s  r a p i d l y  reduced,, This  improved obse rva t ion  
geometry causes  t h e  p o s i t i o n  e r r o r  t o  be reduced t o  about  
1,000 km a t  t h e  t i m e  o f  encounter.  
The upper curve i n  Figure 3 ,  which assumed no a p r i o r i  
i n fo rma t ion ,  i s  given f o r  t h e  purpose of comparison. This 
would correspond t o  a worst-case s i t u a t i o n  where no confidence 
i s  g iven  t o  a previous o r b i t  de te rmina t ion ,  I n  t h i s  c a s e  t h e  
p o s i t i o n  e r r o r  i s  a l s o  reduced below 10,000 km bu t  on ly  a f t e r  
5 t o  6 months of  t r ack ing .  
With r e f e r e n c e  t o  Figure 2 ,  t h e  m i s s  v e c t o r  B between - 
t h e  s p a c e c r a f t  and comet i s  def ined  t o  l i e  i n  t h e  R-T p lane  
which i s  pe rpend icu la r  t o  t h e  comet approach d i r e c t i o n  S ( u n i t  
v e c t o r ) .  
- 
The r e l a t i o n s h i p  between - B and t h e  p o s i t l o n  u n c e r t a i n t y  
of t h e  comet A% i s  g iven  by the  v e c t o r  equa t ion  
I - B = A s  - ( A s  ., S) 2 ( 3 )  
It i s  seen  t h a t  t h e  magnitude of B i s  always less than  o r  equal. 
t o  t h e  magnitude o f  Ar-. For comet o r b i t  de t e rmina t ion ,  t h e  
- I 
1 
% 
l a r g e s t  component of A 5  is u s u a l l y  a long  t h e  d i r e c t i o n  o f  t h e  
comet 's  motion, i r e r ,  tangent  t o  t h e  o r b i t ,  S ince  t h e  ang le  
between t h e  o r b i t  t angent  and t h e  s p a c e c r a f t  approach d i r e c t i o n  
i s  u s u a l l y  l a r g e ,  t h e  second t e r m  i n  e q u a t i o n  ( 3 )  i s  r e l a t i v e l y  
s m a l l ,  Hence, t h e  m i s s  d i s t a n c e  i s  determined mainly by t h e  
comet 's  t a n g e n t i a l  p o s i t i o n  unce r t a in ty .  
8 
8 
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FIGURE 3. R E D U C T I O N  IN COMET 'S  T A N G E N T I A L  POSITION ERROR AT E N C O U N T E R  
W I T H  SUCCESSIVE OBSERVATIONS, C O M E T  E N C K E  (1974) 
Figure  4 shows t h e  s p a c e c r a f t  m i s s  d i s t a n c e  due t o  
ephemeris e r r o r  of Comet Encke. 
t h e  p r e d i c t e d  m i s s  d i s t a n c e  f o r  obse rva t ions  ending 1 week 
b e f o r e  launch i s  7,000 km. Observations cont inued  4 weeks beyond 
t h e  launch  d a t e  only  reduce  t h e  m i s s  t o  6,000 km. A m i s s  d i s -  
t a n c e  below 1,000 km can b e  a t t a i n e d  i f  t h e  obse rva t ion  p e r i o d  
i s  extended t o  w i t h i n  20 days o f  encounter .  Therefore ,  if s m a l l  
m i s s  d i s t a n c e s  are t o  be obta ined ,  a l a t e  midcourse t r a j e c t o r y  
c o r r e c t i o n  i s  necessary .  The magnitude of t h i s  c o r r e c t i o n  may 
be approximately e s t ima ted  by t h e  expres s ion  
Assuming a p r i o r i  in format ion ,  
m i s s  d i s t a n c e  a t  launch d a t e  
= time-to-go a t  AV execu t ion  
With a p r i o r i  o r b i t  in format ion ,  a 1,000 k m  m i s s  can be ob ta ined  
a t  a AV c o s t  of about  4 m/sec. 
t i o n ,  t h e  AV r e q u i r e d  i s  about 8 m/sec. Hence, t h e  midcourse 
AV cha rgeab le  t o  t h e  ephemeris e r r o r  of Comet Encke i s  n o t  ve ry  
large provided t h e  comet c a n  be  observed i n  t h e  yea r  of launch,  
Without a p r i o r i  o r b i t  informa- 
The d i s t r i b u t i o n  o f  t h e  m i s s  d i s t a n c e  i n  t h e  target  
p l ane  i s  shown i n  F igu re  5 .  This  f i g u r e  i l l u s t r a t e s  t h e  extreme 
penci l - shaped  m i s s  e l l i p s e  t h a t  i s  c h a r a c t e r i s t i c  of most comet 
mis s ions .  This  r e s u l t  r e f l e c t s  t h e  f a c t  t h a t  t h e  t a n g e n t i a l  
p o s i t i o n  u n c e r t a i n t y  of  t h e  comet i s  t h e  l a r g e s t  c o n t r i b u t o r  t o  
t h e  m i s s  d i s t a n c e .  While observa t ions  taken i n  t h e  y e a r  of 
launch act  t o  reduce  t h e  magnitude of t h e  m i s s ,  t hey  do not  
s u b s t a n t i a l l y  change t h e  o r i e n t a t i o n  of t h e  m i s s  e l l i p s e .  
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3 . 2  Comet D 'Arrest (1976) 
The c h a r a c t e r i s t i c s  oL t h e  6 mission t o  Comet D ' A r r e s t  
are summarized i n  Table  16. 
days w i t h  a launch d a t e  o f  A p r i l  21, 1976. 
comet i s  expected 100 days p r i o r  t o  launch. F igure  6 i l l u s t r a t e s  
t h e  h e l i o c e n t r i c  t r a n s f e r  t r a j e c t o r y  a long  w i t h  t h e  r e l a t i v e  
p o s i t i o n s  of t h e  E a r t h  and Comet D'Arrest. 
d i t i o n s  are f u r t h e r  i l l u s t r a t e d  by Figure  7 ,  which shows t h a t  
D ' A r r e s t  i s  about  2" below t h e  e c l i p t i c ,  and t h a t  t h e  s p a c e c r a f t  
approaches t h e  comet i n  a d i r e c t i o n  towards t h e  e c l i p t i c  p o l e  
and away from t h e  Sun. The communications d i s t a n c e  t o  E a r t h  a t  
t h e  t i m e  o f  i n t e r c e p t  i s  only 0.2 AU. 
The assumed f l i g h t  t i m e  i s  130 
Recovery of t h e  
The i n t e r c e p t  con- 
Reduction o f  t h e  comet 's  t a n g e n t i a l  p o s i t i o n  u n c e r t a i n t y  
a t  t h e  encounter  t i m e  w i t h  success ive  obse rva t ions  i n  t h e  y e a r  
o f  launch i s  shown i n  F igure  8. A s  i n  t h e  a n a l y s i s  f o r  Comet 
Encke, t h e  o b s e r v a t i o n  schedule  begins  a t  recovery  and con t inues  
a t  i n t e r v a l s  of  8 days. 
i n g  from t h e  a p r i o r i  o r b i t  de te rmina t ion  of  1943-50 i s  170,000 km, 
Four new obse rva t ions  reduce t h i s  e r r o r  t o  10,000 km. A d d i t i o n a l  
obse rva t ions  provide  a s teady  improvement i n  t h e  comet ' s  ephe- 
meris, and a t  t h e  t i m e  of encounter  t h e  p o s i t i o n  u n c e r t a i n t y  i s  
less than  500 km. I f  no a p r i o r i  in format ion  i s  assumed, a 4 
month schedule  of obse rva t ions  i s  r e q u i r e d  t o  reduce t h e  pos i -  
t i o n  e r r o r  t o  10,000 km. 
The i n i t i a l  p o s i t i o n  u n c e r t a i n t y  r e s u l t -  
F igure  9 g i v e s  t h e  r educ t ion  of m i s s  d i s t a n c e  ob ta ined  
from t h e  obse rva t ion  schedule  i n  t h e  y e a r  of  launch. For 
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o b s e r v a t i o n s  ending 2 weeks before  launch, t h e  m i s s  d i s t a n c e  
w i t h  and wi thou t  a p r i o r i  information i s  4 ,500  km and  125,000 km, 
r e s p e c t i v e l y .  Observations continued 6 weeks beyond t h e  launch 
d a t e  reduce  t h e s e  numbers t o  1,900 km and 14,000 km. A f i n a l  
o b s e r v a t i o n  made 2 weeks before  encounter  b r i n g s  t h e  m i s s  down 
t o  the d e s i r e d  l e v e l  - 480 km i n  t h e  case of  a p r i o r i  in format ion  
and 1,050 km wi thou t  such information.  
The m i s s  d i s t r i b u t i o n  i n  t h e  target  p lane  i s  i l l u s t r a t e d  
i n  F igu re  10. Again we  see t h e  tenedncy of  t h e  miss v e c t o r  t o  
d e f i n e  an  e longated  d i s p e r s i o n  e l l ipse ,  bo th  p r i o r  t o  and a f t e r  
i n c l u d i n g  t h e  c u r r e n t  obse rva t ions .  I n  t h i s  case, t h e  c u r r e n t  
obse rva t ions  e f f e c t  a 25" r o t a t i o n  of t h e  e l l i p s e  o r i e n t a t i o n  
towards t h e  e c l i p t i c  p lane .  
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T a b l e  16 
SUMMARY OF CHARACTERISTICS FOR M I S S I O N  
TO D'ARREST (1976) 
Mission C h a r a c t e r i s t i c s  
Launch Date 
F l i g h t  T i m e  (TF) 
Communications Dis tance  (RC) 
I d e a l  V e l o c i t y  (AV) 
Approach Ve loc i ty  (VHP) 
Recovery 
Des i red  Miss Dis t ance  
T i m e  Pass ing  through Coma 
Magnitude a t  I n t e r c e p t  
2 1  A p r i l  1976 
130 days 
0.2 AU 
41,000 f t / s e c  
13 km/sec 
100 days b e f o r e  launch 
1,000 km 
4 hours 
7 
Launch Veh ic l e  Payload C a p a b i l i t y  
Atlas-Agena 535 l b s .  
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4 .  CONCLUSIONS 
The problems a s s o c i a t e d  w i t h  t h e  de t e rmina t ion  and 
p r e d i c t i o n  of cometary o r b i t s  have been exp lo red  t a k i n g  Comet 
Encke and Comet D ' A r r e s t  a s  examples of s h o r t - p e r i o d  comets 
of i n t e r e s t  f o r  f u t u r e  space  s c i e n c e  mis s ions .  
good r e p r e s e n t a t i o n  of p a s t  obse rva t ions  o f  Comet Encke was 
ob ta ined  ove r  t h e  p e r i o d  1931-1961, a l though  i t  was necessa ry  
t o  assume a s e c u l a r  a c c e l e r a t i o n  o f  motion, i . e . ,  an a c c e l e r a -  
t i o n  due t o  n o n g r a v i t a t i o n a l  f o r c e s .  
de te rmined  f o r  t h i s  a c c e l e r a t i o n  r ep resen ted  a dec rease  i n  
o r b i t a l  p e r i o d  o f  about  0.02 d a y l o r b i t .  T h i s  v a l u e  was i n  
good agreement w i t h  r e s u l t s  of e a r l i e r  s t u d i e s .  
A f a i r l y  
The average  v a l u e  
Less  success  was ob ta ined  i n  r e p r e s e n t i n g  p a s t  obse r -  
v a t i o n s  o f  Comet D ' A r r e s t  over  t h e  p e r i o d  1910-1950. I n  t h i s  
c a s e ,  t h e  p r e s e n t  a n a l y s i s  was i n c o n c l u s i v e  a s  t o  whether  o r  
n o t  a uniform s e c u l a r  a c c e l e r a t i o n  i s  i n  e f f e c t  f o r  D'Arrest .  
A t e n t a t i v e ,  bu t  l i k e l y ,  i d e n t i f i c a t i o n  of t h e  s o u r c e  of  t h e  
problem he re  i s  due t o  t h e  c l o s e  approach of D ' A r r e s t  t o  t h e  
p l a n e t  J u p i t e r  i n  1920. I n  t h e  f i r s t  p l a c e ,  and perhaps 
most s i g n i f i c a n t ,  i s  t h e  s e n s i t i v i t y  problem. That  i s ,  a s m a l l  
e r r o r  i n  t h e  o r b i t  e s t i m a t e  w i l l  be magni f ied  by a c l o s e  
approach t o  J u p i t e r  s o  t h a t  t h e  subsequent  p r e d i c t i o n  o f  t h e  
motion w i l l  be degraded. T h i s  problem might be a l l e v i a t e d  by 
a l lowing  s e v e r a l  i t e r a t i o n s  i n  t h e  o r b i t  de t e rmina t ion  p r o c e s s ,  
t h e r e b y  improving t h e  v a l i d i t y  o f  t h e  l i n e a r i t y  assumpt ions .  
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I n  a d d i t i o n  t o  t h e  s e n s i t i v i t y  problem, o t h e r  sou rces  of  
e r r o r  i n  t h e  p re sen t  a n a l y s i s  might be i d e n t i f i e d  w i t h  
numerical  i n t e g r a t i o n  e r r o r  buildup over  many o r b i t s ,  an 
i n s u f f i c i e n t l y  a c c u r a t e  p o s i t i o n  ephemeris f o r  J u p i t e r ,  and 
an inadequate  model f o r  r e p r e s e n t i n g  t h e  s e c u l a r  a c c e l e r a t i o n  
i f  i t  e x i s t s .  
It i s  recommended t h a t  f u r t h e r  a t t e n t i o n  should  be 
g iven  t o  each of t h e s e  comets, p a r t i c u l a r l y  Comet D ' A r r e s t .  
The p r e s e n t  a n a l y s i s  has obtained a very  good r e p r e s e n t a t i o n  
(2" RMS d a t a  f i t )  of  p a s t  observa t ions  f o r  two r e c e n t  and 
s u c c e s s i v e  appearances of each o f  t hese  comets - Encke (1957- 
61) and D'Arrest  (1943-50). It  i s  known t h a t  bo th  comets 
were observed subsequent ly  i n  1963-4, a l though t h i s  d a t a  was 
not  a v a i l a b l e  f o r  t h e  p r e s e n t  a n a l y s i s .  It i s  recommended, 
t h e r e f o r e ,  t h a t  t h e s e  l a t e r  observa t ions  be c o l l e c t e d  and used 
f o r  an updated three-appearance de te rmina t ion  of t h e  comets ' 
o r b i t a l  motion. A comparison of t h e s e  obse rva t ions  w i t h  t h e  
p r e d i c t e d  comet ephemerides determined by t h e  p r e s e n t  i n v e s t i -  
g a t i o n  w i l l  a l s o  be u s e f u l  i n  f u r t h e r  v e r i f y i n g  t h e  accuracy 
o f  t h e  O r b i t  Determination Computer Program. 
The second phase o f  the p r e s e n t  i n v e s t i g a t i o n  was 
concerned w i t h  t h e  e f f e c t  of comet ephemeris e r r o r s  on space-  
c r a f t  m i s s  d i s t a n c e  f o r  a 1974 mission t o  Encke and a 1976 
mission t o  D 'Ar res t .  To ob ta in  t h e s e  r e s u l t s  t h e  a p r i o r i  
in format ion  of  t h e  o r b i t  u n c e r t a i n t i e s  was e x t r a p o l a t e d  from 
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1961 i n  t h e  c a s e  of C o m e t  Encke and from 1950 i n  t h e  c a s e  o f  
Comet D'Arrest .  It was shown t h a t  m i s s  d i s t a n c e s  under 10 ,000  
km canno t  be achieved  u n l e s s  t h e  comets a r e  observed i n  t h e  
yea r  o f  launch.  Even t h e n ,  t o  ach ieve  a d e s i r a b l e  m i s s  d i s t a n c e  
of 1000 km o r  l e s s ,  t h e  o b s e r v a t i o n  p e r i o d  must ex tend  beyond 
t h e  launch  d a t e  and w e l l  i n t o  t h e  f l i g h t ,  t he reby  implying a 
l a t e  midcourse o r  t e r m i n a l  t r a j e c t o r y  c o r r e c t i o n .  F o r t u n a t e l y ,  
i n  t h e  c a s e  o f  both t h e  Encke and D ' A r r e s t  m i s s ions ,  t h e  comet 
can f i r s t  be observed s e v e r a l  months p r i o r  t o  launch ,  and t h e  
o b s e r v a t i o n  geometry i s  q u i t e  good due t o  t h e  dec reas ing  
s e p a r a t i o n  d i s t a n c e  between E a r t h  and t h e  comet a s  t h e  mis s ion  
p r o g r e s s e s .  For Encke, t h e  miss a t t r i b u t e d  t o  t h e  ephemeris 
e r r o r  can be reduced t o  about 6500 km by t h e  t i m e  o f  launch ,  
and t h e n  reduced f u r t h e r  t o  1000 km by execu t ing  a l a t e  
midcourse maneuver 20 days before  i n t e r c e p t  f o r  a AV c o s t  
o f  o n l y  4 m/sec. For D'Arrest ,  a launch  d a t e  m i s s  o f  3300 km 
can  be reduced t o  1000 km by a maneuver made 54 days b e f o r e  
i n t e r c e p t  a t  a AV c o s t  o f  under 1 m/sec. 
While t h e  guidance accuracy and f u e l  requi rements  appear  
t o  be e a s i l y  a t t a i n a b l e  f o r  t h e s e  two mis s ions ,  i t  should  be 
emphasized t h a t  t h i s  w i l l  not n e c e s s a r i l y  be t h e  c a s e  f o r  
o t h e r  comet mis s ions  o f  i n t e r e s t .  The v a r i a b l e  f a c t o r s  i nvo lved  
a r e  t h e  accuracy  of  prev ious  o r b i t  d e t e r m i n a t i o n ,  t h e  l e n g t h  o f  
t i m e  between recovery  o r  a c q u i s i t i o n  o f  t h e  comet and t h e  
launch  d a t e ,  and t h e  o b s e r v a t i o n  geometry which r e l a t e s  l a r g e l y  
t o  t h e  s e p a r a t i o n  d i s t a n c e  between t h e  comet and E a r t h .  An 
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a l t e r n a t i v e  t o  l a t e  Earth-based o b s e r v a t i o n s  of t h e  comet would 
be t o  p l a c e  a comet seeker on board t h e  s p a c e c r a f t .  
be necessa ry  anyway for  t h o s e  comet mis s ions  which do n o t  have 
a s  good obse rva t ion  geometr ies  a s  do Encke and D'Arrest .  The 
main d i f f i c u l t i e s  w i t h  an  on-board comet s e e k e r  would be i n  t h e  
a c q u i s i t i o n  and t r a c k i n g  o f  f a i n t ,  d i f f u s e  o b j e c t s  under t h e  
c o n d i t i o n s  of g e n e r a l l y  h igh  approach v e l o c i t i e s .  
Th i s  may 
A f i n a l  and g e n e r a l  recommendation i s  t h a t  a l l  e f f o r t s  
shou ld  be made t o  improve t h e  ephemerides o f  t h o s e  comets o f  
i n t e r e s t  f o r  f u t u r e  space  miss ions .  
c i s e  o r b i t  p r e d i c t i o n  i s  t h a t  o b s e r v a t i o n a l  d a t a  should  be 
ob ta ined  f o r  a t  l e a s t  two and p r e f e r a b l y  t h r e e  s u c c e s s i v e  
appearances  j u s t  p r i o r  t o  the  launch  a p p a r i t i o n .  These obse r -  
v a t i o n s  shou ld  be l i n k e d  t o g e t h e r  by a p r e c i s e  g r a v i t a t i o n a l  
p e r t u r b a t i o n  scheme w i t h  s t eps  t aken  t o  e l emina te  o r  reduce  
s y s t e m a t i c  e r r o r s  casued  by obse rva t ion  and numer ica l  i n t e g r a -  
t i o n .  If i t  i s  found necessa ry  (and i t  probably w i l l  be) t o  
assume a n o n - g r a v i t a t i o n a l  a c c e l e r a t i o n ,  an  adequate  model o f  
t h i s  a c c e l e r a t i o n  should  be sought  and i t s  b e s t  numer ica l  
e s t i m a t e  determined.  The success o f  t h e  above e f f o r t s  w i l l  
f i r s t ,  i n c r e a s e  t h e  p r o b a b i l i t y  o f  r ecove r ing  t h e  comet i n  t h e  
yea r  o f  launch ,  and second,  minimize t h e  AV requi rement  
n e c e s s i t a t e d  by l a t e  comet o b s e r v a t i o n s ,  e i t h e r  Ear th-based  o r  
on- board e 
A f i r s t  r e q u i s i t e  o f  pre-  
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APPENDIX A 
GENERAL DESCRIPTION AND CAPABILITIES OF THE 
ORBIT DETERMINATION COMPUTER PROGRAM 
The O r b i t  Determination Program f o r  t h e  IBM 7094 com- 
p u t e r  w a s  developed t o  f a c i l i t a t e  a moderately h igh  p r e c i s i o n ,  
numerical  s tudy  of t h e  de te rmina t ion  and p r e d i c t i o n  o f  cometary 
motion. Although t h e  comet problem i s  of  p r i n c i p a l  i n t e r e s t  
he re ,  t h e  computer program may be employed t o  de te rmine  t h e  
o r b i t  of any celest ia l  body o r  s p a c e c r a f t  g iven  a set  of angu la r  
o b s e r v a t i o n a l  d a t a ,  e .g . ,  r i g h t  ascens ion  and d e c l i n a t i o n  as 
measured from an  E a r t h  observa tory .  
The t e r m  " o r b i t  determinat ion" as used h e r e i n  imp l i e s  
f i r s t ,  a d e f i n i t i v e  o r  most probable  o r b i t  r a t h e r  t han  a pre-  
l imina ry  o r b i t ,  and second, a l i n e a r  d i f f e r e n t i a l  c o r r e c t i o n  t o  
an i n i t i a l  o r b i t  estimate which i s  s u f f i c i e n t l y  c l o s e  t o  t h e  
t r u e  o r b i t .  Usual ly ,  t h e  c o r r e c t i o n  i s  made on t h e  b a s i s  of  an 
over-determined set  of angular  obse rva t ions ,  i e e e ,  more than  
t h r e e .  The obse rva t ions  a r e  s u b j e c t  t o  e r r o r s  of  bo th  a system- 
a t i c  and random n a t u r e .  However, i n  l i e u  of  d e t a i l e d  knowledge 
of t h e  s y s t e m a t i c  e f f e c t ,  one i s  fo rced  t o  assume t h a t  t h e  e r r o r s  
are random. Techniques of s t a t i s t i c a l  d a t a  p rocess ing  may then  
be employed t o  compute an opt imal  d i f f e r e n t i a l  c o r r e c t i o n  i n  
t h e  s e n s e  o f  a most probable f i t  t o  t h e  d a t a .  For example, t h e  
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I 1  c lass ica l  method of  Least-squares" has o f t e n  been used i n  p a s t  
i n v e s t i g a t i o n s .  For t h e  p re sen t  program, however, w e  u se  a 
more r e c e n t  formula t ion  known a s  " sequen t i a l ,  minimum-variance 
es t imat ion" .  
by Kalman w i t h  t h e  a i d  of  l i n e a r  s t a t i s t i c a l  f i l t e r  theory ,  and 
has  s i n c e  been a p p l i e d  ex tens ive ly  by o t h e r s  t o  t h e  problem of 
s p a c e c r a f t  t r a j e c t o r y  de te rmina t ion  (Kalman 1960, Smith 1962, 
and F r i ed lande r  1966) . Funct iona l ly ,  s e q u e n t i a l  e s t i m a t i o n  
d i f f e r s  from t h e  l e a s t - s q u a r e s  method i n  t h a t  t h e  obse rva t ions  
are processed  one a t  a t i m e  t o  y i e l d  t h e  up-to-date b e s t  esti-  
mate of t h e  o r b i t .  
The form o f  t h e  e s t i m a t o r  w a s  o r g i n a l l y  e s t a b l i s h e d  
The O r b i t  Determination Program w a s  designed t o  be used 
f o r  t h e  fo l lowing  purposes:  
t o  compute an o r b i t  by numerical  i n t e g r a t i o n  f o r  a 
comet under t h e  i n f l u e n c e  o f  t h e  g r a v i t a t i o n a l  
f i e l d  o f  t h e  Sun and p e r t u r b i n g  p l a n e t s ,  and o t h e r  
non-g rav i t a t iona l  f o r c e s .  
t o  process  a c t u a l  comet obse rva t ions  i n  o r d e r  t o  
t o  de te rmine  t h e  most probable  estimate of t h e  
t h e  comet ' s  motion e i t h e r  i n  t h e  p a s t  o r  f u t u r e .  
t o  p rocess  s imula ted  comet o b s e r v a t i o n s  t o  be made 
p r i o r  t o  and fol lowing t h e  launch o f  a comet probe 
f o r  t h e  purpose of  e r r o r  a n a l y s i s  of comet m i s s  
d i s t a n c e .  
The fo l lowing  paragraphs w i l l  b r i e f l y  d e s c r i b e  t h e  p r i n c i p a l  
f e a t u r e s  of  t h e  O r b i t  Determination Program. This  d e s c r i p t i o n  
i s  n o t ,  however, in tended  t o  be an o p e r a t i o n a l  gu ide  t o  t h e  u s e  
of t h e  program. 
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A .  1 Program Language, Ar i thmet ic  and Uni t s  
The program i s  made up of 19 f u n c t i o n a l  s u b r o u t i n e s  
which are w r i t t e n  i n  t h e  FORTRAN I V  language, and an i n p u t  
l oad  r o u t i n e  w r i t t e n  i n  t h e  MAP language. The i n p u t  r o u t i n e  
a c c e p t s  d a t a  i n  t h e  alpha-numeric form and a l lows  a r i t h m e t r i c  
s t a t e m e n t s  t o  be made on t h e  data c a r d ,  S i n g l e  p r e c i s i o n  
(8 s i g n i f i c a n t  f i g u r e s )  ari thmetric i s  used throughout  w i t h  t h e  
fo l lowing  except ions :  (1) the  i n t e g r a t i o n  v a r i a b l e s  a r e  accumu- 
l a t e d  i n  double p r e c i s i o n  t o  reduce roundoff e r r o r s ,  (2) t i m e  
i s  c a r r i e d  i n  double  p r e c i s i o n  t o  provide  h igh  r e s o l u t i o n  over  
many o r b i t s ,  and (3) t h e  observed and c a l c u l a t e d  a n g l e s  are 
computed and d i f f e r e n c e d  i n  double p r e c i s i o n .  
o p e r a t e s  i n t e r n a l l y  i n  t h e  classical  u n i t s  of celest ia l  mechanics, 
The program 
namely, a s t ronomica l  u n i t s  and days.  
A . 2  ORBIT INTEGRATION 
A . 2 - 1  Motion V a r i a b l e s  and Coordina te  Systems 
The d i f f e r e n t i a l  equat ions  o f  motion are  w r i t t e n  i n  t h e  
C a r t e s i a n  o r  r e c t a n g u l a r  c o o r d i n a t e  system r e f e r r e d  t o  t h e  mean 
equa to r  and equinox of 1950.0. P o s i t i o n  and v e l o c i t y  components 
of t h e  body are thus  t h e  working s ta te  v a r i a b l e s  i n  t h i s  pro- 
gram. Taking t h e  mass of the  Sun as u n i t y  w i t h  a l l  o t h e r  
masses measured i n  t h i s  u n i t ,  and t h e  Sun as t h e  center of 
c o o r d i n a t e s ,  t h e  equa t ions  o f  motion are expressed  as 
.. x = -k 2 (1 + m)% - T k 2 m j  ('?+ 3) + Ax 
j 
r ?j r 
x --+ Y,= 
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S i n c e  cometary bodies  have n e g l i g i b l e  mass compared t o  t h e  Sun, 
m would be taken  as ze ro .  
c o n s t a n t  of  g r a v i t a t i o n ,  m i s  t h e  m a s s  o f  t h e  j t h  p e r t u r b i n g  
p l a n e t  
s o - c a l l e d  s e c u l a r  o r  n o n - g r a v i t a t i o n a l  a c c e l e r a t i o n  which may 
be  a c t i n g  on t h e  comet. A l s o ,  by d e f i n i t i o n ,  w e  have t h e  
I n  t h e  above equat ion  k2 i s  t h e  
j 
and x i s  i t s  h e l i o c e n t r i c  c o o r d i n a t e ,  and Ax i s  t h e  
j 
p o s i t i o n  and v e l o c i t y  r e l a t i o n s h i p s  
r 2 = x  2 + y 2 + z  2 
r = x  + y 2 + z  2 2 2 
j j j j 
2 = (x-x.) 2 + ( y - ~ ~ ) ~  + ( - 2 . ) ~  (A2) 
p j  J J 
The equa t ions  of motion (A1)are r e p r e s e n t e d  accord ing  t o  t h e  
Cowell form of numer ica l  i n t e g r a t i o n .  
The o r i e n t a t i o n  of  t he  fundamental  c o o r d i n a t e  system 
i s  t h e  f a m i l i a r  one i n  t h a t  t h e  x a x i s  i s  d i r e c t e d  a long  t h e  
mean v e r n a l  equinox o f  1950.0 and t h e  z a x i s  p o i n t s  n o r t h  
above t h e  E a r t h ' s  mean equator  of  1950.0. A u x i l i a r y  c o o r d i n a t e  
systems used i n  t h e  program are t h e  mean e c l i p t i c  of  1950.0, 
and t h e  mean e q u a t o r  and e c l i p t i c  of  d a t e .  
I n  a d d i t i o n  t o  t h e  r e c t a n g u l a r  c o o r d i n a t e s  o f  motion, 
t h e  program makes use  of t h e  s t a n d a r d  o r b i t a l  e lements  i n  t h e  
e l l i p t i c a l  form. The o r b i t a l  e lements  are needed f o r  c e r t a i n  
i n t e r n a l  o p e r a t i o n s  and i n p u t / o u t p u t  t r a n s f o r m a t i o n s .  The 
p r i n c i p a l  r e f e r e n c e  frame fo r  t h e  elements  i s  t h e  mean e c l i p t i c  
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of 1950.0. The s t a n d a r d  o r b i t a l  element set i s  
(1) semi-major a x i s ,  a 
(2) e c c e n t r i c i t y ,  e 
(3) l o n g i t u d e  of t h e  ascending node, R 
(4) i n c l i n a t i o n ,  i 
(5) argument of p e r i h e l i o n ,  o 
(6) t i m e  of p e r i h e l i o n ,  T 
A u x i l i a r y  elements  used are t h e  p e r i h e l i o n  d i s t a n c e  (q), 
p e r i o d  (P) ,  mean angu la r  motion (n ) ,  mean anomoly of epoch 
(Mo), and l o n g i t u d e  of p e r i h e l i o n  (z). 
A.2.2 Secu la r  Acce le ra t ion  Model 
P a s t  i n v e s t i g a t i o n s  of cometary motion have e s t a b l i s h e d ,  
w i t h  a f a i r  degree  of  c e r t a i n t y ,  t h a t  f o r c e s  of o t k r  than  
g r a v i t a t i o n a l  o r i g i n  act t o  p e r t u r b  t h e  o r b i t .  The p r i n c i p a l  
e f f e c t  of t h i s  p e r t u r b a t i o n  i s  an advance o r  r e g r e s s i o n  of t h e  
comet 's  p o s i t i o n - i n - o r b i t  when compared t o  p r e d i c t e d  v a l u e s .  
I n  o t h e r  words, t h e  f o r c e  would appear  t o  act  i n  t h e  p l ane  o f  
motion and have a s i g n i f i c a n t  t a n g e n t i a l  component. To account  
f o r  t h e  p o s s i b l e  e x i s t e n c e  of such  a f o r c e ,  t h e  fo l lowing  
model i s  assumed 
Here, t h e  {pi) are c o n s t a n t  c o e f f i c i e n t s  t o  be  determined by 
d a t a  f i t t i n g  and - V i s  t h e  v e l o c i t y  v e c t o r  of  t h e  comet. 
maximum of 10 c o e f f i c i e n t s  i s  al lowed i n  t h e  program so t h a t  
one may s t r u c t u r e  t h e  a c c e l e r a t i o n  as weak o r  s t r o n g  f u n c t i o n s  
of  r a d i a l  d i s t a n c e .  For example,  a l a r g e  v a l u e  of  i would, i n  
A 
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- S (X, y ,  2, Xy Y Y  Z Y  Po> P i *  * 0 Y pN- 1) ( A 4  
Since  t h e  
d i f f e r e n t i a l  e q u a t i o n s  [ii=o} . 
f o r  t h e  augmented system may be  expressed  i n  t h e  fo l lowing  
p.  are c o n s t a n t  they may be r e p r e s e n t e d  by t h e  4 
Then t h e  e q u a t i o n s  of  motion 
1 
e f f e c t ,  have t h e  a c c e l e r a t i o n  act predominantly i n  t h e  v i c i n i t y  
of  p e r i h e l i o n .  While t h e  above model w a s  a r b i t r a r i l y  chosen, 
and does no t  n e c e s s a r i l y  r e p r e s e n t  any p h y s i c a l  phenomena, i t  
w a s  thought  t o  be adequate  f o r  an average  f i t t i n g  of a uniform 
change i n  t h e  mean motion i f  such e x i s t s .  It i s  t o  be noted,  
however, t h a t  one would have l i t t l e  s u c c e s s  w i t h  t h i s  model i f  
t h e  a c c e l e r a t i o n  were e i t h e r  of a random o r  o s c i l l i t o r y  n a t u r e .  
A2.3 Linea r  P e r t u r b a t i o n s  
As p r e v i o u s l y  mentioned, t h e  o r b i t  de t e rmina t ion  pro- 
cess i s  one of l i n e a r  d i f f e r e n t i a l  c o r r e c t i o n  t o  an i n i t i a l  
o r b i t  estimate. The i n i t i a l  estimate must l i e  s u f f i c i e n t l y  
c l o s e  t o  t h e  t r u e  o r b i t  so as t o  v a l i d a t e  t h e  l i n e a r i t y  assump- 
t i o n .  
t h e  p a r t i a l  d e r i v a t i v e  ma t r ix  which relates s m a l l  changes i n  
t h e  s ta te  v a r i a b l e s  of mot ion  from one p o i n t  on t h e  o r b i t  t o  
ano the r .  This  ma t r ix ,  f r e q u e n t l y  c a l l e d  t h e  s ta te  t r a n s i t i o n  
ma t r ix ,  i s  o b t a i n e d  as fol lows.  
The d i f f e r e n t i a l  c o r r e c t i o n  p rocess  n e c e s s i t a t e s  having 
The b a s i c  s ta te  v e c t o r ,  c o n s i s t i n g  o f  t h e  6 components 
of p o s i t i o n  and v e l o c i t y ,  i s  augmented by t h e  N c o e f f i c i e n t s  
of  t h e  s e c u l a r  a c c e l e r a t i o n  model. Hence, w e  d e f i n e  t h e  s ta te  
v e c t o r  as 
8 
8 
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f u n c t i o n a l  form 
s = f(sJ - -  
where t h e  d e t a i l e d  express ions  are ob ta ined  from equa t ions  
( A l ) ,  (A2), and (A3). The linear p e r t u r b a t i o n  equa t ions  are 
then  g iven  as 
= F(t)AS -
w i t h  F be ing  a s q u a r e  m a t r i x  having t h e  dimension of 5 and 
i m p l i c i t l y  v a r y i n g  w i t h  t i m e .  The t r a n s i t i o n  ma t r ix ,  @, a l s o  
a s q u a r e  m a t r i x  of t h i s  dimension, i s  g iven  by t h e  d i f f e r e n t i a l  
equa t ions  and i n i t i a l  c o n d i t i o n s  
@(to, t o ) =  I ( i d e n t i t y  ma t r ix )  
I n  g e n e r a l ,  t h e  s ta te  t r a n s i t i o n  equa t ion  r e l a t i n g  t h e  l i n e a r  
p e r t u r b a t i o n s  a t  t i m e s  t k  and t k + l  i s  expressed  as 
The elements  of @ are obta ined  by numer i ca l ly  i n t e g r a t i n g  
equa t ion  (A6) s imul taneous ly  w i t h  t h e  n o n l i n e a r  equa t ions  of 
motion (Al) ;  t h e  par t ia l  d e r i v a t i v e  elements  of  F be ing  eva lu-  
a t e d  a long  t h e  c u r r e n t  e s t i m a t e  of t h e  o rb i t , ,  S ince  many ele- 
ments of  @ t u r n  o u t  t o  b e  e i t h e r  ze ro  o r  u n i t y ,  n o t  a l l  o f  t h e  
equa t ions  need be  i n t e g r a t e d  numer i ca l ly .  The t o t a l  number of 
i n t e g r a l s  ob ta ined  numer ica l ly  are 6+6x6+6xN = 43+6N, 
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A2.4 Numerical I n t e g r a t i o n  
The s t epwise  numerical  s o l u t i o n  of  t h e  se t  of d i f f e r e n -  
t i a l  equa t ions  i s  ob ta ined  by a 4 th-order  Runge-Kutta scheme 
w i t h  t h e  o p t i o n  of f i x e d  o r  v a r i a b l e  s t e p  s i z e .  
o p t i o n ,  which i s  more e f f i c i e n t ,  t h e  s t e p  s i z e  i s  c o n t r o l l e d  
by a r e l a t i v e  e r r o r  comparison between t h e  Runge-Kutta o r d i n a t e  
and t h a t  ob ta ined  by a lower o r d e r  Simpsons r u l e .  The s t e p  
s i z e  i s  doubled o r  halved when t h e  r e l a t i o n  e r r o r  exceeds a 
s p e c i f i e d  boundary (emin, emaX ) .  
p r e s e n t l y  be ing  used are (3  x lo”,  3 x l o m 7 ) .  
t ype  of  s t e p  s i z e  adjustment  does n o t  g i v e  an  a b s o l u t e  c o n t r o l  
of  t r u n c a t i o n  e r r o r ,  i t  does s e r v e  t o  hold t h e  t r u n c a t i o n  e r r o r  
w i t h i n  d e s i r a b l e  l i m i t s  and a l s o  minimize t h e  number of  s t e p s  
r e q u i r e d .  
o r d i n a t e s  of  i n t e g r a t i o n  i n  double p r e c i s i o n  form. 
I n  t h e  l a t t e r  
Values of  t h e  e r r o r  boundary 
Although t h i s  
Round-off e r ro r  i s  c o n t r o l l e d  by accumulat ing t h e  
The independent v a r i a b l e  of  i n t e g r a t i o n ,  t i m e ,  i s  
measured i n  days from t h e  start  of  i n t e g r a t i o n  and i s  c a r r i e d  
i n  double  p r e c i s i o n .  T ime  r e f e r e n c e s  are g iven  by t h e  J u l i a n  
d a t e  i n  Ephemeris T ime  (E.T.) measure. I n t e g r a t i o n  of an 
o r b i t  may be  c a r r i e d  o u t  e i t h e r  forward o r  backward i n  t i m e  from 
some r e f e r e n c e  epoch. 
f o r  t h e  fo l lowing  purposes:  (1) t o  e v a l u a t e  t h e  s o l u t i o n  a t  t h e  
i n s t a n t s  of o b s e r v a t i o n ,  (2) t o  e v a l u a t e  t h e  s o l u t i o n  a t  
s p e c i f i e d  t i m e  i n t e r v a l s  f o r  o u t p u t  purposes ,  and (3) t o  s t o p  
t h e  i n t e g r a t i o n  a f t e r  a s p e c i f i e d  i n t e r v a l  has  e l a p s e d  s i g n i f y -  
i n g  t h e  end o f  a p a r t i c i u l a r  case. 
T i m e  s t o p s  are provided i n  t h e  program 
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A.2.5 Plane ta ry  Coordina tes  
P rov i s ion  i s  made t o  inc lude  t h e  p e r t u r b i n g  e f f e c t s  o f  
any o r  a l l  of  t h e  n i n e  s o l a r  system p l a n e t s .  
p o s i t i o n  c o o r d i n a t e s  needed t o  compute t h e  p e r t u r b i n g  acceler- 
a t i o n s  are ob ta ined  from a s e t  of  t ime-varying o r b i t a l  e lements  
(Allen 1963). 
i n  t h e  e c c l i p t i c  system, and are due t o  t h e  s e c u l a r  p a r t  o f  t h e  
p e r t u r b a t i o n s  a c t i n g  on t h e  p l a n e t s .  For t h e  purpose of t h e  
p r e s e n t  s tudy ,  i t  i s  assumed t h a t  t h e  d i f f e r e n c e  between t h e  
mean and t h e  t r u e  o s c u l a t i n g  o r b i t s  i s  s u f f i c i e n t l y  s m a l l  t o  
a l low t h e  p l a n e t a r y  p e r t u r b a t i o n  a c c e l e r a t i o n s  t o  be ob ta ined  
w i t h  good accuracy.  
comet made a v e r y  close approach t o  one of t h e  p l a n e t s .  
A.2.6 I n i t i a l i z a t i o n  of I n t e g r a t i o n  
The p l a n e t a r y  
These elements r e p r e s e n t  t h e  mean o r b i t  of d a t e  
The m a i n  d i f f i c u l t y  would arise when a 
I n i t i a l  c o n d i t i o n s  of i n t e g r a t i o n  may be s p e c i f i e d  i n  
e i t h e r  o f  two forms: (1) r e c t a n g u l a r  p o s i t i o n  and v e l o c i t y  
r e f e r r e d  t o  t h e  mean equator  and equinox o f  1950.0, o r  (2) 
o r b i t a l  e lements  r e f e r r e d  t o  t h e  mean e c l i p t i c  and equinox of  
1950.0 o r  o f  d a t e .  I n  t h e  l a t te r  op t ion ,  p r e c e s s i o n a l  formulas 
are inc luded  t o  t r ans fo rm t h e  system of  d a t e  t o  t h a t  o f  1950.0. 
The e q u a t o r i a l  r e c t a n g u l a r  coord ina te s  needed t o  begin  t h e  
i n t e g r a t i o n  are then  obta ined  by t ransforming  through t h e  mean 
o b l i q u i t y  of  1950.0. 
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A.3 ORBIT DETERMINATION 
A.3.1 Observat ion Equat ions 
Accurate  p o s i t i o n s  of comets are determined by measure- 
ments of a photographic  p l a t e  which c o n t a i n s  t h e  image of t h e  
comet i n  a background of  stars whose p o s i t i o n s  are known. 
Right  a scens ion  (a) and d e c l i n a t i o n  (6) of t h e  comet i s  then  
found by measuring t h e  d i f f e r e n t i a l  c o o r d i n a t e s  and adding t h e s e  
t o  t h e  c o o r d i n a t e s  of t h e  comparison star(s) .  Publ i shed  obser-  
v a t i o n s  are u s u a l l y  g iven  i n  t o p o c e n t r i c  r a t h e r  t h a n  g e o c e n t r i c  
coord ina te s , and  are re fe renced  t o  t h e  mean equa to r  and equinox 
of  some s t a n d a r d  epoch (but  n o t  n e c e s s a r i l y  1950.0). I n  o r d e r  
t o  compare t h e  o b s e r v a t i o n s  wi th  a p r e d i c t e d  g e o c e n t r i c  
ephemeris,  one must f i r s t  correct t h e  o b s e r v a t i o n s  f o r  t h e  
e f f e c t  of g e o c e n t r i c  p a r a l l a x  and t h a t  p a r t  of  t h e  p l a n e t a r y  
a b b e r a t i o n  due t o  t h e  comet 's  motion. 
c o r r e c t i o n  i s  made, t h e  equat ions  r e l a t i n g  t h e  a n g u l a r  obser-  
v a t i o n s  t o  t h e  C a r t e s i a n  p o s i t i o n  c o o r d i n a t e s  are 
Assuming t h a t  t h i s  
p cos a cos  6 = x + x 
p s i n  a cos  6 = y + Y 
p s i n  6 = z + Z 
(A 8) 
where ( x , y , z )  i s  t h e  h e l i o c e n t r i c  e q u a t o r i a l  p o s i t i o n  of t h e  
comet, (X ,  Y,  Z )  i s  t h e  g e o c e n t r i c  e q u a t o r i a l  p o s i t i o n  o f  t h e  
Sun,  and p i s  t h e  g e o c e n t r i c  d i s t a n c e  of  t h e  comet. The 
v a r i a t i o n a l  expres s ions  obta ined  from ( A 8 )  a r e ,  i n  ma t r ix  
no t a t i o  n 
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o r  
F i n a l l y ,  s i n c e  we 
' - s i n  Q 
P 
cos  Q 
P 
-cos Q s i n  6 - s i n  a s i n  6 
P P 
i n t e n d  t o  f i n d  a d i f f e r e n t i a l  c o r r e c t i o n  t o  
t h e  e n t i r e  s t a t e  v e c t o r  - S ,  we may w r i t e  t h e  g e n e r a l i z e d  obser -  
v a t i o n  equa t ion  i n  mat r ix  form 
A . 3 . 2  Es t ima t ion  Equat ions 
S ince  t h e  c u r r e n t  s t a t e  of  motion cannot  be determined 
p r e c i s e l y  a s  a r e s u l t  of random o b s e r v a t i o n a l  e r r o r s ,  w e  seek 
a method of p rocess ing  t h e  a v a i l a b l e  o b s e r v a t i o n a l  d a t a  so  
t h a t  t h e  "best" e s t i m a t e  of t h e  s t a t e  i s  ob ta ined .  
of  "bes t"  i n  t h i s  c o n t e x t  depends upon t h e  p a r t i c u l a r  o p t i m a l i t y  
c r i t e r i o n  chosen. Quite  g e n e r a l l y ,  one would l i k e  t o  minimize 
some f u n c t i o n  o f  t h e  e r r o r  i n  t h e  e s t i m a t e .  S p e c i f i c a l l y ,  one 
would l i k e  t o  choose an e r r o r  f u n c t i o n  which i s  p h y s i c a l l y  
meaningful and y e t  l eads  t o  an e a s i l y  implemented e s t i m a t i o n  
procedure ,  e.g., l i n e a r  process ing  o f  t h e  o b s e r v a t i o n a l  da t a .  
The meaning 
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It has been shown by s e v e r a l  i n v e s t i g a t o r s  o f  t h e  g e n e r a l  
e s t i m a t i o n  problem t h a t  t h e  u n r e s t r i c t e d  opt imal  e s t i m a t e  of 
a l i n e a r  s y s t e m  s u b j e c t  t o  Gaussian e r r o r  s t a t i s t i c s  i s  o f  a 
l i n e a r  form. I n  t h e  event  t h a t  Gaussian s t a t i s t i c s  cannot  be 
assumed, t h e  l i n e a r  e s t i m a t e  i s  s t i l l  op t ima l  i f  t h e  c r i t e r i o n  
chosen i s  t o  minimize t h e  expected v a l u e ,  E (E) of  a q u a d r a t i c  
e r r o r  func t ion .  This  i s  t h e  v e c t o r  e q u i v a l e n t  o f  t h e  f a m i l i a r  
mean-square e r r o r  c r i t e r i o n  f o r  a s i n g l e  v a r i a b l e .  Given t h i s  
g e n e r a l  r e s u l t ,  Kalman proceeded t o  t r e a t  t h e  e s t i m a t i o n  problem 
from a dynamic f i l t e r i n g  po in t  of  view and de r ived  t h e  form o f  
t h e  opt imal  l i n e a r  e s t i m a t i o n  (Kalman 1960).  This form i s  now 
u s u a l l y  r e f e r r e d  t o  a s  " sequen t i a l ,  minimum-variance es t imat ion" .  
The e s t i m a t i o n  equa t ions  a r e  g iven  below wi thou t  proof .  
The n o t a t i o n  used i n  t h e  e s t i m a t i o n  equa t ions  i s  de f ined :  
Success ive  t i m e  i n s t a n t s  a t  which obse rva t ions  
a r e  given. 
P r e d i c t e d  e s t i m a t e  of - S ( t k )  t o  be ob ta ined  
from s o l u t i o n  o f  t h e  n o n l i n e a r  equa t ions  of 
motion e x t r a p o l a t e d  from - S ( t k  - l). 
Updated e s t i m a t e  of - S ( t k )  a f t e r  i n c l u d i n g  
t h e  c u r r e n t  o b s e r v a t i o n a l  d a t a  
tky t k - l  
Ir 
ZP ( tk)  
A 
h 
- s ( tk>  
Res idua l  between t h e  observed and p r e d i c t e d  
r i g h t  ascens ion  and d e c l i n a t i o n ,  8 ( t k ) - o  ( t  ) 
where 8 ,.$s found from s  ^ ( t  ) . 
Covariance m a t r i x  of t h e  random e r r o r  i n  t h e  
observa t ion  s ( t k ) ,  d i agona l  i f  t h e  e r r o r s  i n  
measuring Q and 6 a r e  u n c o r r e l a t e d .  
h 
-0 P k  
-P k - 
N( tk> 
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Covariance matr ix  of t h e  e r r o r  i n  t h e  e s t i m a t e  
- E ( t k )  = g( tk) -$( tk)y  - i .e . ,  LT] where T i s  
mat r ix  t ranspose  o p e r a t o r .  
Optimal f i l t e r  ma t r ix  f o r  weight ing  t h e  
c u r r e n t  obse rva t ion  r e s i d u a l .  
W(tk) 
With t h e  above d e f i n i t i o n s ,  the e s t i m a t i o n  procedure i s  g iven  
by t h e  fo l lowing  r e c u r s i o n  equat ions  : 
Updated Es t imate  
- -1 Optimal F i l t e r  
P r e d i c t  e d Covariance 
Updated Covariance 
It i s  t o  be noted  t h a t  t h e  above equat ions  apply  t o  any t i m e  
p o i n t  a t  which - no observa t ions  a r e  made s imply by s e t t i n g  W=O. 
A.3.3 I n i t i a l i z a t i o n  of Est imat ion  
As seen  from t h e  above equa t ions ,  t h e  opt imal  e s t i m a t i o n  
procedure g e n e r a t e s  i t s  own performance a n a l y s i s .  That i s  t o  
s a y ,  t h e  e r r o r  covar iance  matr ix  r e q u i r e d  i n  t h e  computation 
o f  t h e  f i l t e r  mat r ix  W i s  a measure of t h e  accuracy ob ta ined  i n  
de te rmining  t h e  o r b i t .  S p e c i f i c a l l y ,  t h e  d i agona l  e lements  of  
6 r e p r e s e n t  t h e  mean-squared u n c e r t a i n t y  i n  e s t i m a t i n g  t h e  s t a t e  
v a r i a b l e s  of  motion. The s o l u t i o n  f o r  , given  by t h e  r e c u r s i o n  
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e q u a t i o n s  ( A 1 2 )  t o  ( A 1 4 ) ,  i s  seen t o  depend upon (1) t h e  i n i t i a l  
s t a t e  u n c e r t a i n t y  c o ,  ( 2 )  t he  o r b i t  v a r i a t i o n a l  c h a r a c t e r i s t i c s  
a s  g iven  by the  t r a n s i t i o n  matr ix  a ,  ( 3 )  t h e  t i m e  sequence of  
o b s e r v a t i o n s  itk} and t h e  obse rva t iona l  geometry H a t  t h e s e  
p o i n t s ,  and ( 4 )  t h e  errors  i n  t h e  obse rva t ions  N. 
The i n i t i a l  covariance G o  i s  a measure o f  t h e  "a p r i o r i "  
accuracy o f  t h e  i n i t i a l  o r b i t  e s t i m a t e .  
assume no 1 1  a p r i o r i "  information,  Io would be se t  e q u a l  t o  a 
ve ry  l a r g e  va lue  and, i n  e f f e c t ,  t h e  o r b i t  would be determined 
s o l e l y  by t h e  new observa t ions  o f  which a t  l e a s t  t h r e e  measures 
of ( a , 6 )  a r e  r equ i r ed .  On t h e  o t h e r  hand, i f  one had a c e r t a i n  
measure o f  conf idence  i n  t h e  i n i t i a l  o r b i t  e s t i m a t e  t h e  va lue  o f  
to would be set  accord ingly .  
Thus, i f  one wished t o  
I 
Two op t ions  a r e  a v a i l a b l e  for  i n i t i a l i z i n g  t h e  c o v a r i -  
ance ma t r ix :  (1) c0 s p e c i f i e d  i n  r e c t a n g u l a r  p o s i t i o n / v e l o c i t y  
c o o r d i n a t e s ,  and ( 2 )  G o  s p e c i f i e d  i n  terms o f  t h e  o r b i t a l  
e lements  which i s  then transformed i n t o  r e c t a n g u l a r  c o o r d i n a t e s  
f o r  numerical  o p e r a t i o n s .  
because of  i t s  more e a s i l y  v i s u a l i z e d  geometr ic  p r o p e r t i e s ,  
A.3.4 Pre l iminary  Data Process inq  
The l a t t e r  o p t i o n  i s  u s u a l l y  employed 
When determining a n  o r b i t  from a c t u a l  o b s e r v a t i o n a l  d a t a ,  
i n p u t  t o  t h e  main computer program i s  r e q u i r e d  i n  t h e  form 
Moments o f  observa t ion  ( i n  E.T,) 
Right  ascension and d e c l i n a t i o n  ( u s u a l l y  t o p o c e n t r i c )  
i n  the  mean e q u a t o r i a l  frame o f  1950-0 
Longitude and p a r a l l a x  f a c t o r s  of  t h e  Earth-based 
obse rva to ry  
(1) 
(2) 
( 3 )  
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( 4 )  Geocentr ic  coord ina te s  ( X ,  Y ,  Z )  o f  t h e  Sun i n  
t h e  mean e q u a t o r i a l  frame of  1950-0  
A s e p a r a t e  computer program i s  used t o  t ransform t h e  publ i shed  
o b s e r v a t i o n a l  d a t a  t o  t h e  r equ i r ed  form above, and a l s o  t o  
compute t h e  s o l a r  coord ina te s  a t  t h e  moments of obse rva t ion .  
Punch c a r d  ou tpu t  from t h i s  program then s e r v e s  a s  i n p u t  t o  t h e  
main program. 
Conversion o f  t h e  moments of o b s e r v a t i o n  t o  t h e  Ephemeris 
T ime  measure i s  made when needed accord ing  t o  t h e  t a b u l a t e d  
annua l  c o r r e c t i o n s  g iven  i n  t h e  "American Ephemeris and N a u t i c a l  
Almanac". 
va ry ing  annual  c o r r e c t i o n s  ., Published va lues  of r i g h t  ascens ion  
and d e c l i n a t i o n  no t  r e f e r r e d  t o  t h e  1950.0 system a r e  t r a n s -  
formed accord ing  t o  t h e  p recess ion  formulas g iven  i n  t h e  
"Explanatory Supplement t o  the Astronomical  Ephemeris and 
N a u t i c a l  Almanac". The c o r r e c t i o n s  f o r  p a r a l l a x  and a b b e r a t i o n  
a r e  made i n  t h e  main computer program a s  each obse rva t ion  i s  
processed .  
L i n e a r  i n t e r p o l a t i o n  i s  j u s t i f i e d  by t h e  slowly 
The g e o c e n t r i c  coord ina te s  of t h e  Sun and t h e  moments 
of obse rva t ion  a r e  ob ta ined  by i n t e r p o l a t i o n  from a t a p e  con- 
t a i n i n g  t h e  coord ina te s  a t  4 day i n t e r v a l s  ove r  t h e  pe r iod  1900.0 
t o  2000.0. The r e f e r e n c e  f o r  t h i s  t a p e  i s  Vol. 14 of t h e  
"Astronomical Papers - American Ephemeris and N a u t i c a l  Almanac ,I1 
which g i v e s  t h e  c o o r d i n a t e s  t o  7 s i g n i f i c a n t  f i gu res ,  To main- 
t a i n  t h i s  accuracy  a t  i n t e rmed ia t e  t imes,  an Evere t t ' s  i n t e r -  
p o l a t i o n  formula i s  employed. R e s u l t s  of t h e  i n t e r p o l a t i o n  were 
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checked 
1964 ed  
a t  va r ious  p o i n t s  
t i o n  of  t h e  "Amer 
a g a i n s t  t h e  t a b l e  publ i shed  i n  t h e  
can Ephemeris and N a u t i c a l  Almanac .I1 
The l a r g e s t  d e v i a t i o n s  were found t o  be 25 u n i t s  i n  t h e  seventh 
p l a c e ,  
A.4 NUMERICAL EXPERIENCE - SAMPLE CASES 
A.4.1 Accuracy o f  Numerical I n t e g r a t i o n  
A t e s t  c a s e  of t h e  bas i c  accuracy o f  numerical  i n t e g r a -  
t i o n  was made f o r  Comet Encke beginning a t  t h e  p e r i h e l i o n  o f  
1961 and c a r r y i n g  t h e  i n t e g r a t i o n  forward through one pe r iod  
wi thou t  p l a n e t a r y  p e r t u r b a t i o n s .  Table  A - 1  shows t h e  r e s u l t s  
o f  t h e  t e s t  c a s e  i n  terms o f  changes produced i n  t h e  o r b i t a l  
e lements ,  Af t e r  i n t e g r a t i n g  through one f u l l  pe r iod  t h e  semi- 
major a x i s  and e c c e n t r i c i t y  show changes of  o n l y  2.6 x 
2 x 
a r e  n e g l i g i b l e .  
-0.0018 days.  
and 
r e s p e c t i v e l y ,  while  changes i n  t h e  o r i e n t a t i o n  ang le s  
The time of p e r i h e l i o n  i n  1974 is  i n  e r r o r  by 
A.4-2 Determinat ion o f  Mercury's O r b i t  
It was decided t o  t e s t  t h e  o r b i t  de t e rmina t ion  method 
f o r  one of t h e  s o l a r  system p l a n e t s  which have w e l l  e s t a b l i s h e d  
o r b i t s  and f o r  which accu ra t e  p o s i t i o n  d a t a  i s  a v a i l a b l e ,  The 
p l a n e t  Mercury was chosen f o r  t h i s  example, 
of  t h e  o r b i t  was taken  from t h e  1967 e d i t i o n  o f  t h e  "American 
Ephemeris and N a u t i c a l  Almanac" f o r  t h e  epoch 1967 A p r i l  20,O. 
This i n i t i a l  e s t i m a t e  i s  given i n  terms of  t h e  mean o r b i t a l  
e lements  of  d a t e  which, o f  cour se ,  d i f f e r  from t h e  a c t u a l  
o s c u l a t i n g  e lements ,  The t e s t  problem posed was t o  determine 
An i n i t i a l  estim&e 
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t h e  a c t u a l  o r b i t  from a ser ies  o f  12 s imula t ed  obse rva t ions  
t aken  a t  8 day i n t e r v a l s  beginning 1967 June 1.0. 
v a t i o n  schedule  ex tends  over  s l i g h t l y  more than  one p e r i o d  of 
Mercury 's  o r b i t .  For t h i s  example, t h e  r i g h t  ascens ion  and 
d e c l i n a t i o n  of  Mercury a r e  assumed t o  be measured i n  a h e l i o -  
c e n t r i c  r e f e r e n c e  frame. The a and 6 d a t a  a r e  ob ta ined  from 
t h e  p o s i t i o n  ephemeris of  Mercury, mean equa to r  and equinox o f  
1950.0 (Duncombe 1965). 
This  obser -  
Table  A-2 l i s t s  t h e  i n i t i a l  e lements  fol lowed by t h e  
c o r r e c t e d  elements  determined by t h e  obse rva t ions .  The p r i n c i p a l  
c o r r e c t i o n  i s  i n  T which, wh i l e  on ly  0.0007 days ,  causes  s i g n i f i -  
c a n t  angu la r  e r r o r s  due t o  Mercury's h igh  r a t e  o f  a n g u l a r  motion. 
Table  A - 3  shows a comparison by r e s i d u a l s  of  t h e  i n i t i a l  and 
c o r r e c t e d  o r b i t .  The r e s i d u a l s  (observed-predic ted  v a l u e s )  o f  
t h e  c o r r e c t e d  o r b i t  a r e  reduced t o  a RMS average of 0!'07 which 
i s  c o n s i s t e n t  w i t h  t h e  6-7th p l a c e  accuracy  of  t h e  p o s i t i o n  
ephemeris .  This  example s e r v e s  t o  demonst ra te  t h e  e s s e n t i a l  
c o r r e c t n e s s  of t h e  o r b i t  de t e rmina t ion  program. 
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Table A-1 
ACCURACY OF NUMERICAL INTEGRATION 
Integration of Comet Encke ( 1 9 7 1 )  for One Period with No 
Planetary Perturbations 
Orbital Epoch Epoch 
Elements 1 9 7 1  Jan. 11.0 1974  May 1.0 
T 1 9 7 1  Jan. 10.0 
a 2.21734280 Aa, + 0.0000026 
e 0 .84699264  Ae, + 0.0000002 
i 11: 97425 Ai, O!'O 
R 334: 23415 an, + o!'o 
cu 185: 91249 hu, 0!'11 
T+P 1 9 7 4  April 30.0 AT, - 0.0018 
P 1206 .00  1 AP, + 0.0022 
q 0.33926975 Aq, - 0.00000005 
Table A-2 
DETERMINATION OF MERCURY'S ORBIT - INITIAL 
AND CORRECTED ELEMENTS 
Epoch 1967 April 2 0 . 0  
Mean Equator and Equinox of 1950.0 
a 
e 
R 
i 
cu 
T 
Initial Elements 
0.38709887 
0 .20562814  
47: 716852 
75002771  
285 988200 
1967 May 15.92507 
Corrected Elements 
0.38709924 
0.20562002 
75 0028054  
475 716883 
285 989068 
1967 May 15.92575 
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Table A - 3  
DETERMINATION OF MERCURY I s ORB& COMPARISON 
BY RESIDUALS 
1 2  Observa t ions  a t  8 day I n t e r v a l s  Beginning 1 9 6 7 / 6 / 1  
Residuals  by R e s  i dua  Is by 
I n i t i a  1 Elements Correc ted  Elements 
n a  A6 Aa A6 
Date 
1 9 6 7 / 6 / 1  
619  
6 / 1 7  
6 / 2 5  
7 / 3  
7 / 1 1  
7 / 1 9  
7 / 2 7  
814 
8 /  1 2  
8 / 2 0  
8 / 2 8  
-10! '50 
- 7 . 7 6  
- 6 . 1 5  
- 5.04 
- 4.08 
- 3.52 
- 3.58 
- 5.00 
- 9 .13  
-16 . 98 
-17.95 
-12.70 
+5!'13 
G . 1 5  
+2.69 
+1.35 
+O .34 
- 0 . 4 1  
- 1 . 2 1  
-2.64 
-4.80 
-3.16 
+4.02 
+6.36 
+0!'06 
-0 .01 
- 0 - 0 1  
-0 .00 
+O 08 
+0,07 
+O. 13  
+O.  08  
+ O .  07 
-0.01 
-0.01 
+O. 15 
-0'.'17 
-0 .13  
- 0 . 0 4  
- 0 . 0 3  
-0.00 
+0.03 
+O ., 05 
+O 06  
- 0 , 0 4  
-0 .03  
-0.01 
+0.01 
RMS 
Average 9.80 3.55 0.07 0.07 
u ,  6 d a t a  f o r  t h i s  example were ob ta ined  from p o s i t i o n  
ephemeris o f  Mercury (Duncombe 1 9 6 5 )  
* I n i t i a l  e s t i m a t e  o f  o r b i t  was ob ta ined  from mean o r b i t a l  
e l emen t s ,  epoch 1 9 6 7 / 4 / 2 0  (The American Ephemeris, 1 9 6 7 )  
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